
Note:Governing Euqations of General 3D duct flow

Email: jiaqi_wang@sjtu.edu.cn

I. Hard-walled cylinderical ducts as basis function

A. Infinite straight duct mode

We began from the Helmholtz equation:

∇2ψ =
1

r

∂

∂r
(r
∂ψ

∂r
) +

1

r2
∂2ψ

∂θ2
= −α2ψ (1)

Using separation of variables, Circular symmetry: modes have the from : ψ = F (r)G(θ),

Then we have:

(
∂2F

∂r2
+

1

r

∂F

∂r
)G+

F

r2
∂2G

∂θ2
= −α2FG

Then,

(∂
2F
∂r2 + 1

r
∂F
∂r )

F
+

1

r2

∂2G
∂θ2

G
= −α2

(2)

We assume that:

Due to periodicity, we require that Φ satisfy,

d2G

dθ2
= −m2G→ Φ(θ) = e±imθ (3)

Thus, we have

F ′′ +
1

r
F ′ + (α2 − m2

r2
) = 0→ F (r) = Jm(αr) (4)

Circular symmetry ψ = F (r)G(θ): modes explicitly given by:

ψ = Jm(αmµr)e
±imθ (5)

Hard walls:

J ′m(αR) = 0→ αmµ =
j′mµ
R

(6)
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Soft walls without flow:

ZαmµJ
′
m(αmµR) = −iwρ0Jm(αmµR)→ αmµ(Z) (7)

Soft walls with flow:

ZαmµJ
′
m(αmµR) = (w − U0κmµ)Jm(αmµR)→ αmµ(Z) (8)

A complete solution may be writtern as:

p(x, r, θ) =

∞∑
m=−∞

∞∑
µ=1

(Amµe
−iκmµx +Bmµe

iκmµx)Umµ(r)eimφ (9)

In a hard-walled duct Umµe−imθ are orthogonal. Normalise such that:

∫ 2π

0

∫ R

0

Umµ(r)e−imθUnv(r)e
−inθrdr = 2πδµvδmn (10)

Source expansion If p(0, t, θ) = p0(r, θ) is source in hard-walled duct, then for x>0

p0(r, θ) =

∞∑
m=−∞

∞∑
µ=1

(Amµe
−iκmµ0)Umµ(r)e−imθ

p0(r, θ)Unv(r)e
−inθr =

∞∑
m=−∞

∞∑
µ=1

(Amµe
−iκmµ0)Umµ(r)e−imθUnv(r)e

−inθr

∫ 2π

0

∫ R

0

p0(r, θ)Unv(r)e
−inθrdrdθ =

∫ 2π

0

∫ R

0

∞∑
m=−∞

∞∑
µ=1

(Amµe
−iκmµ0)Umµ(r)e−imθUnv(r)e

−inθrdrdθ

∫ 2π

0

∫ R

0

p0(r, θ)Unv(r)e
−inθrdrdθ =

∞∑
m=−∞

∞∑
µ=1

Amµ

∫ 2π

0

∫ R

0

Umµ(r)e−imθUnv(r)e
−inθrdrdθ

Anv =
1

2π

∫ 2π

0

∫ R

0

p0(r, θ)Unv(r)e
−inθrdrdθ

(11)

and Bnv = 0. The same for x < 0 with Anv and Bnv interchanged.

A finite number of modes (cut-on modes) survive at large distrances. Just 1 mode if kR«1: only

A01 important.

B. General duct mode

The pressure and velocity can now be expressed as Fourier series. Upper indices shall be used

to denote temporal decompositions:
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p̂ =

∞∑
a=−∞

P a(x)e−iawt

û =

∞∑
a=−∞

Ua(x)e−iawt

v̂ =

∞∑
a=−∞

V a(x)e−iawt

ŵ =

∞∑
a=−∞

W a(x)e−iawt

(12)

P a =

∞∑
α=0

P aαmµ(s)ψαmµ(s, r, θ) =

∞∑
m=−∞

∞∑
µ=1

P aαmµ(s)ψαmµ(s, r, θ)

Ua =

∞∑
α=0

Uaαmµ(s)ψαmµ(s, r, θ) =

∞∑
m=−∞

∞∑
µ=1

Uaαmµ(s)ψαmµ(s, r, θ)

V a =

∞∑
α=0

V aαmµ(s)ψαmµ(s, r, θ) =

∞∑
m=−∞

∞∑
µ=1

V aαmµ(s)ψαmµ(s, r, θ)

W a =

∞∑
α=0

W a
αmµ(s)ψαmµ(s, r, θ) =

∞∑
m=−∞

∞∑
µ=1

W a
αmµ(s)ψαmµ(s, r, θ)

(13)

1. Discussion of property of ψ

In Jams’s thesis, ψα = CαmµJm(
j′mµr

h )cos(mφ−ξπ/2).As he mentioned, it was merely a matter

of preference - I find it easier to visualise the modes as being "symmetric" and "anti-symmetric"

along the plane of torsion free ducts, but the other method is equally as valid.

However, there still a problem, which may cause error, but is not mentioned in the thesis:

∫ 2π

0

cos(mφ− ξπ/2)2dθ =
1 + cos(2mφ− ξπ)

2
|2π0 =


π,m 6= 0

2π,m = 0, ξ = 0

0,m = 0, ξ = 1

(14)

In the note, we try to introduce the common solution of ψ may have the form the same as the

hard walls modes:

ψmµ(r) = CαmµJm(
j′mµr

h
)eimφ (15)

where may be normalized according to:

∫ 2π

0

∫ h

0

ψαmµψβnvrdrdθ = δµvδmn (16)
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In fact, we know that: ∫ 2π

0

eimφeimφdθ = 0∫ 2π

0

eimφe−imθdθ = 2π

(17)

The orthogonality relation of Bessel function, with J−m(z) = (−1)mJm(z)∫ h

0

rJm(
j′mµr

h
)Jm(

j′mvr

h
)dr = 0, µ 6= v∫ h

0

rJm(
j′mµr

h
)J−m(

j′−mvr

h
)dr

= (−1)m
∫ h

0

rJm(
j′mµr

h
)Jm(

j′mvr

h
)dr = 0, µ 6= v

(18)

That changes our idea of normalization to:

∫ 2π

0

∫ h

0

ψαmµψβnvrdrdθ = (−1)mδµvδm,−n (19)

C. Normalised Modes→ Cαmµ

Relation involving intergrals:

2

∫
α2xJm(αx)2dx = (α2x2 −m2)Jm(αx)2 + α2x2J ′m(αx)2

→ 2

∫ h

0

α2xJm(αx)2dx = [(α2x2 −m2)Jm(αx)2 + α2x2J ′m(αx)2]|h0

= [(α2x2 −m2)Jm(αx)2 + α2x2J ′m(αx)2]|h − [(α2x2 −m2)Jm(αx)2 + α2x2J ′m(αx)2]|0

= [(α2h2 −m2)Jm(αh)2 + α2h2J ′m(αh)2]− [(α202 −m2)Jm(α0)2 + α202J ′m(α0)2]

= (α2h2 −m2)Jm(αh)2 + α2h2J ′m(αh)2

(20)

With hard-walled boudary condition:

J ′m(αh) = 0→ αmµ =
j′mµ
h

(eigenvalues) (21)

Then, we have(ref: Rienstra-Fundamentals of Duct Acoustics-(55)):∫ h

0

rJm(αr)J−m(αr)dr = (−1)m
∫ h

0

rJm(αr)2dr

= (−1)m
1

2α2
mµ

(α2
mµh

2 −m2)Jm(αmµh)2

= (−1)m(
Jm(αmµh)

√
(h2 − m2

α2
mµ

)
√

2
)2

= (−1)m(
h2

2
(1− m2

j′2mµ
)J2
m(j′mµ))

(22)
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Thus, with
∫ 2π

0
eimφe−imθdθ = 2π, ψαmµ(r) = CαmµJm(

j′mµr

h )eimφ,we have:

Cαmµ =
im√

(πh2(1− m2

j′2mµ
)J2
m(j′mµ))

exceptfor : Cα01
=

1√
πh

(23)

for
∫ 2π

0

∫ h
0
ψαmµψβnvrdrdθ = δµvδm,−n = δ̂αβ = I.

D. Slowly varying ducts

waiting for updating......

E. Orthogonal-eigenvector

ref:https:

www.mathworks.com/help/matlab/ref/eigs.html

Eigenvectors, returned as a matrix. The columns in V correspond to the eigenvalues along the

diagonal of D. The form and normalization of V depends on the combination of input arguments:

[V,D] = eigs(A) returns matrix V, whose columns are the eigenvectors of A such that A*V =

V*D. The eigenvectors in V are normalized so that the 2-norm of each is 1.

If A is symmetric, then the eigenvectors, V, are orthonormal.

[V,D] = eigs(A,B) returns V as a matrix whose columns are the generalized eigenvectors that

satisfy A*V = B*V*D. The 2-norm of each eigenvector is not necessarily 1.

If B is symmetric positive definite, then the eigenvectors in V are normalized so that the B-norm

of each is 1. If A is also symmetric, then the eigenvectors are B-orthonormal.

We could further study this question!!

if we can use the GramSchmidt mode as basis??

II. Mass equation

Mass consevation:

−iaκP a +∇ ·Ua =

+∞∑
b=−∞

(−P a−b∇ ·Ub −Ua−b · ∇P b − B

2A
iakP bP a−b) (24)

First, derivation of eq1:
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We know that:

hs = 1− κrcos(φ), hr = 1, hθ = r (25)

Then,

∇ ·Ua =
1

h1h2h3
[
∂(v1h2h3)

∂w1
+
∂(v2h3h1)

∂w2
+
∂(v3h1h2)

∂w3
]

=
1

r(1− κrcos(φ))
[
∂(Uar)

∂s
+
∂(V ar(1− κrcos(φ)))

∂r
+
∂(W a(1− κrcos(φ)))

∂θ
]

(26)

Thus, we have the mass equation, approximate RHS by:

∇ ·Ub = ibκP b + o(M2)

∇P b = ibκUb + o(M2)

(27)

Then we have

−iaκP a +
1

r(1− κrcos(φ))
[
∂(Uar)

∂s
+
∂(V ar(1− κrcos(φ)))

∂r
+
∂(W a(1− κrcos(φ)))

∂θ
]

=

+∞∑
b=−∞

(−ibκP a−bP b − ibκUa−bU b − ibκV a−bV b − ibκW a−bW b − B

2A
iakP bP a−b)

(28)

The fourier harmonics are expanded as follows:

P a =

∞∑
β=0

P aβ (s)ψβ(s, r, θ)

Ua =

∞∑
β=0

Uaβ (s)ψβ(s, r, θ)

V a =

∞∑
β=0

V aβ (s)ψβ(s, r, θ)

W a =

∞∑
β=0

W a
β (s)ψβ(s, r, θ)

(29)

with normalized relation:

∫ 2π

0

∫ h

0

ψαψβrdrdθ = δ̂αβ (30)

Reorganize the eq5:

−iaκP a(1− κrcos(φ)) +
1

r

∂(Uar)

∂s
+

1

r

∂(V ar(1− κrcos(φ)))

∂r
+

1

r

∂(W a(1− κrcos(φ)))

∂θ

= (1− κrcos(φ))

+∞∑
b=−∞

(−ibκP a−bP b − ibκUa−bU b − ibκV a−bV b − ibκW a−bW b − B

2A
iakP bP a−b)

(31)

Intergal and insert eq 6, 7 into eq 8:
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1. the first term: ∫ 2π

0

∫ h

0

ψαr[−iaκ(1− κrcos(φ))P a]drdθ

= −iaκ
∞∑
β=0

∫ 2π

0

∫ h

0

ψαψβr[(1− κrcos(φ))]drdθP aβ

⇒ −iaκΨαβ [r(1− κcos(φ))]P aβ

(summationconvention)

(32)

2. the second term:

From 1.1 as example, we know that ∫ 2π

0

∫ h

0

∂

∂s
[rUa−bU bψα]drdθ

=
∂

∂s

∫ 2π

0

∫ h

0

[rUa−bU bψα]drdθ −
∫ 2π

0

dh(s)

ds
[rUa−bU bψα]r=hdθ

(33)

d

dα
(

∫ b(β)

a(α)

f(x, α)dx)− 0 +
da(α)

dα
f(a(α), α) =

∫ b(β)

a(α)

∂

∂α
f(x, α)dx (34)

∫ 2π

0

∫ h

0

ψαr[
1

r

∂(Uar)

∂s
]drdθ

=

∞∑
β=0

∫ 2π

0

∫ h

0

ψαr
∂(ψβU

a
β )

∂s
drdθ

=

∫ 2π

0

∫ h

0

ψαψβr
∂(Uaβ )

∂s
drdθ +

∫ 2π

0

∫ h

0

ψαr
∂(ψβ)

∂s
drdθUaβ

=

∫ 2π

0

∫ h

0

∂ψαψβrU
a
β

∂s
drdθ −

∫ 2π

0

∫ h

0

∂ψαψβr

∂s
Uaβdrdθ

+

∫ 2π

0

∫ h

0

r
∂(ψαψβ)

∂s
drdθUaβ −

∫ 2π

0

∫ h

0

ψβr
∂(ψα)

∂s
drdθUaβ

=

∞∑
β=0

∂

∂s

∫ 2π

0

∫ h

0

[ψαψβrU
a
β ]drdθ −

∞∑
β=0

∫ 2π

0

dh(s)

ds
[ψαψβrU

a
β ]r=hdθ

−
∞∑
β=0

∫ 2π

0

∫ h

0

∂(ψα)

∂s
ψβrdrdθU

a
β

⇒ d

ds
(Uaβ δ̂αβ) + 0(periodic)−Ψ{α}β [r]Uaβ

(35)

mark:0(periodic),which is similar in the follow momentum equation, but not eliminate in time.
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3. the third term: ∫ 2π

0

∫ h

0

ψαr[
1

r

∂(V ar(1− κrcos(φ)))

∂r
]drdθ

=

∞∑
β=0

∫ 2π

0

∫ h

0

ψα
∂(ψβr(1− κrcos(φ)))

∂r
drdθV aβ

=

∫ 2π

0

∫ h

0

∂(ψαψβr(1− κrcos(φ)))

∂r
drdθV aβ −

∫ 2π

0

∫ h

0

ψβr(1− κrcos(φ))
∂(ψα)

∂r
drdθV aβ

= 0(periodic)−Ψ[α]β [r(1− κrcos(φ))]V aβ

(36)

4. the fourth term: ∫ 2π

0

∫ h

0

ψαr[
1

r

∂(W a(1− κrcos(φ)))

∂θ
]drdθ

=

∞∑
β=0

∫ 2π

0

∫ h

0

ψα[
∂(ψβ(1− κrcos(φ)))

∂θ
]drdθW a

β

=

∫ 2π

0

∫ h

0

[
∂(ψαψβ(1− κrcos(φ)))

∂θ
]drdθW a

β −
∫ 2π

0

∫ h

0

ψβ(1− κrcos(φ))[
∂(ψα)

∂θ
]drdθW a

β

=

∫ h

0

[ψαψβ(1− κrcos(φ))]2π0 drW a
β −

∫ 2π

0

∫ h

0

ψβ(1− κrcos(φ))[
∂(ψα)

∂θ
]drdθW a

β

= 0−Ψ(α)β [(1− κrcos(φ))]W a
β

(37)

5. the RHS term:∫ 2π

0

∫ h

0

ψαr[(1− κrcos(φ))

+∞∑
b=−∞

(−ibκP a−bP b − ibκUa−bU b − ibκV a−bV b − ibκW a−bW b − B

2A
iakP bP a−b)]drdθ

=

∞∑
β=0

∞∑
γ=0

∫ 2π

0

∫ h

0

ψαψβψγr(1− κrcos(φ))drdθ

+∞∑
b=−∞

(−ibκP a−bβ P bγ − ibκUa−bβ U bγ − ibκV a−bβ V bγ − ibκW a−b
β W b

γ − iaκ
B

2A
P a−bβ P bγ )

=

∞∑
β=0

∞∑
γ=0

Ψαβγ [r(1− κrcos(φ))]

+∞∑
b=−∞

(−ibκP a−bβ P bγ − ibκUa−bβ U bγ − ibκV a−bβ V bγ − ibκW a−b
β W b

γ − iaκ
B

2A
P a−bβ P bγ )

(38)

Finally, we obtain the mass equation in the form of eigenfunction, the idea is same as Galerkin

method:

dUaβ
ds

δ̂αβ −Ψ{α}β [r]Uaβ − iaκΨαβ [r(1− κcos(φ))]P aβ −Ψ[α]β [r(1− κrcos(φ))]V aβ −Ψ(α)β [(1− κrcos(φ))]W a
β

= Ψαβγ [r(1− κrcos(φ))]

+∞∑
b=−∞

(−ibκP a−bβ P bγ − ibκUa−bβ U bγ − ibκV a−bβ V bγ − ibκW a−b
β W b

γ − iaκ
B

2A
P a−bβ P bγ )

(39)
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III. Momentum equation

Momentum consevation:

−iaκUa +∇P a =

∞∑
b=−∞

(−Ua−b · ∇Ub + P a−b∇P b) (40)

First, we know that

∇P a =
∑
i

1

hi

∂f

∂wi
ĥi =

1

1− κrcosφ
∂P a

∂s
ês +

∂P a

∂r
êr +

1

r

∂P a

∂θ
êθ (41)

The RHS term is a bit complex, with the divergence of a vector U with its gradient, with

First, we know that

(v · ∇)vb =


term1 : Dvb1 +

vb2
h2h1

(v1
∂h1

∂ξ2
− v2 ∂h2

∂ξ1
) +

vb3
h3h1

(v1
∂h1

∂ξ3
− v2 ∂h3

∂ξ1
)

term2 : Dvb2 +
vb3
h3h2

(v2
∂h2

∂ξ3
− v3 ∂h3

∂ξ2
) +

vb1
h1h2

(v2
∂h2

∂ξ1
− v1 ∂h1

∂ξ2
)

term3 : Dvb3 +
vb1
h1h3

(v3
∂h3

∂ξ1
− v1 ∂h1

∂ξ3
) +

vb2
h2h3

(v3
∂h3

∂ξ2
− v3 ∂h2

∂ξ3
)

(42)

Besides,

D =
v1
h1

∂

∂ξ1
+
v2
h2

∂

∂ξ2
+
v3
h3

∂

∂ξ3
(43)

Thus, we have:
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−Ua−b · ∇Ub =

−
∞∑

b=−∞


termD1 : Ua−b

1−κrcosφ
∂Ub

∂s + V a−b ∂U
b

∂r + Wa−b

r
∂Ub

∂θ

termD2 : Ua−b

1−κrcosφ
∂V b

∂s + V a−b ∂V
b

∂r + Wa−b

r
∂V b

∂θ

termD3 : Ua−b

1−κrcosφ
∂W b

∂s + V a−b ∂W
b

∂r + Wa−b

r
∂W b

∂θ

−
∞∑

b=−∞


termX1 : V b

1−κrcosφ (Ua−b ∂(1−κrcosφ)∂r − V a−b ∂1∂s ) + W b

r(1−κrcosφ) (U
a−b ∂(1−κrcosφ)

∂θ − V a−b ∂r∂s )

termX2 : W
b

r (V a−b ∂1∂θ −W
a−b ∂r

∂r ) + Ub

(1−κrcosφ)1 (V a−b ∂1∂s − U
a−b ∂(1−κrcosφ)

∂r )

termX3 : Ub

(1−κrcosφ)r (W a−b ∂h3

∂s − U
a−b ∂(1−κrcosφ)

∂θ ) + V b

1h3
(W a−b ∂h3

∂r − V
a−b ∂1

∂θ )

=

∞∑
b=−∞


termD1 : − Ua−b

1−κrcosφ
∂Ub

∂s − V
a−b ∂Ub

∂r −
Wa−b

r
∂Ub

∂θ

termD2 : − Ua−b

1−κrcosφ
∂V b

∂s − V
a−b ∂V b

∂r −
Wa−b

r
∂V b

∂θ

termD3 : − Ua−b

1−κrcosφ
∂W b

∂s − V
a−b ∂W b

∂r −
Wa−b

r
∂W b

∂θ

+

∞∑
b=−∞


termX1 : κcosφ

1−κrcosφU
a−bV b − κsinφ

(1−κrcosφ)U
a−bW b

termX2 : W
a−bW b

r − κcosφ
(1−κrcosφ)U

a−bU b

termX3 : κsinφ
(1−κrcosφ)U

a−bU b − Wa−bV b

r

(44)

Finally, we could derive the momentum conservation equation, with final term approximate by

eq 4: 
−iaκUa + 1

1−κrcosφ
∂Pa

∂s

−iaκV a + ∂Pa

∂r

−iaκW a + 1
r
∂Pa

∂θ

=

∞∑
b=−∞


termD1 : − Ua−b

1−κrcosφ
∂Ub

∂s − V
a−b ∂Ub

∂r −
Wa−b

r
∂Ub

∂θ

termD2 : − Ua−b

1−κrcosφ
∂V b

∂s − V
a−b ∂V b

∂r −
Wa−b

r
∂V b

∂θ

termD3 : − Ua−b

1−κrcosφ
∂W b

∂s − V
a−b ∂W b

∂r −
Wa−b

r
∂W b

∂θ

+

∞∑
b=−∞


termX1 : κcosφ

1−κrcosφU
a−bV b − κsinφ

(1−κrcosφ)U
a−bW b

termX2 : W
a−bW b

r − κcosφ
(1−κrcosφ)U

a−bU b

termX3 : κsinφ
(1−κrcosφ)U

a−bU b − Wa−bV b

r

+

∞∑
b=−∞


ibκP a−bU b

ibκP a−bV b

ibκP a−bW b

(45)

Now, we are going to project on ψ, it may be a little complex, we will doing step by step.
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A. Momentum es term

First, deal with the es term:

−iaκUa +
1

1− κrcosφ
∂P a

∂s

=

∞∑
b=−∞

termD1 : − Ua−b

1− κrcosφ
∂U b

∂s
− V a−b ∂U

b

∂r
− W a−b

r

∂U b

∂θ

+

∞∑
b=−∞

termX1 :
κcosφ

1− κrcosφ
Ua−bV b − κsinφ

(1− κrcosφ)
Ua−bW b

+ibκP a−bU b

(46)

Multiply (1− κrcosφ), we have:

−iaκ(1− κrcosφ)Ua +
∂P a

∂s

= termD1 :

∞∑
b=−∞

−Ua−b ∂U
b

∂s
− (1− κrcosφ)V a−b

∂U b

∂r
− (1− κrcosφ)

W a−b

r

∂U b

∂θ

+termX1 :

∞∑
b=−∞

κcosφUa−bV b − κsinφUa−bW b+

termP1 :

∞∑
b=−∞

ibκ(1− κrcosφ)P a−bU b

(47)

∫ ∫
XXrψαdrdθ, we have:

RHS =

∫ 2π

0

∫ h

0

[termD1 + termX1 + termP1]rψαdrdθ (48)

1. the first D1 tems:

We ref the wiki https :

en.wikipedia.org/wiki/Leibniz_integral_rule

General form: Differentiation under the integral sign:

d

dx
(

∫ b(x)

a(x)

f(x, t)dt)− f(x, b(x)) · d
dx
b(x) + f(x, a(x)) · d

dx
a(x) =

∫ b(x)

a(x)

d

dx
f(x, t)dt (49)

df =
∂f

∂x
dx+

∂f

∂y
dy (50)

For partial difference, for a given β, the derivation of the fucntion g(α) =
∫ b(β)
a(α)

f(x, α)dx is

d

dα
(

∫ b(β)

a(α)

f(x, α)dx)− 0 +
da(α)

dα
f(a(α), α) =

∫ b(β)

a(α)

∂

∂α
f(x, α)dx (51)
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1.1
∞∑

b=−∞

∫ 2π

0

∫ h

0

[−rUa−b ∂U
b

∂s
]ψαdrdθ

=

∞∑
b=−∞

−
∫ 2π

0

∫ h

0

∂

∂s
[rUa−bU bψα]drdθ

+

∫ 2π

0

∫ h

0

U b
∂

∂s
[rUa−bψα]drdθ

=

∞∑
b=−∞

− ∂

∂s

∫ 2π

0

∫ h

0

[rUa−bU bψα]drdθ +

∫ 2π

0

dh(s)

ds
[rUa−bU bψα]r=hdθ

+

∫ 2π

0

∫ h

0

r∂Ua−b

∂s
U bψαdrdθ

+

∫ 2π

0

∫ h

0

∂ψα
∂s

rUa−bU bdrdθ

(52)

here, we gives a relationship between Ua and V a at the boundary which to dliminate V a tems:

h′Ua−b = (1− κhcosφ)V a−b (53)

1.2
∞∑

b=−∞

∫ 2π

0

∫ h

0

[−(1− κrcosφ)V a−b
∂U b

∂r
]rψαdrdθ

= −
∞∑

b=−∞

∫ 2π

0

∫ h

0

∂(r(1− κrcosφ)V a−bU bψα)

∂r
drdθ

+

∫ 2π

0

∫ h

0

U b
∂(r(1− κrcosφ)V a−bψα)

∂r
drdθ

= −
∞∑

b=−∞

∫ 2π

0

[(r(1− κrcosφ)V a−bU b)ψα]h0dθ

+

∫ 2π

0

∫ h

0

U b
∂(r(1− κrcosφ)V a−b)

∂r
ψαdrdθ

+

∫ 2π

0

∫ h

0

U b
∂(ψα)

∂r
r(1− κrcosφ)V a−bdrdθ

= −
∞∑

b=−∞

∫ 2π

0

[(hh′Ua−bU b)ψα]h0dθ

+

∫ 2π

0

∫ h

0

U b
∂(r(1− κrcosφ)V a−b)

∂r
ψαdrdθ

+

∫ 2π

0

∫ h

0

U b
∂(ψα)

∂r
r(1− κrcosφ)V a−bdrdθ

(54)
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1.3
∞∑

b=−∞

∫ 2π

0

∫ h

0

[−(1− κrcosφ)
W a−b

r

∂U b

∂θ
]rψαdrdθ

= −
∞∑

b=−∞

∫ 2π

0

∫ h

0

∂((1− κrcosφ)W a−bU bψα)

∂θ
drdθ

+

∫ 2π

0

∫ h

0

U b
∂((1− κrcosφ)W a−b)

∂θ
ψαdrdθ

+

∫ 2π

0

∫ h

0

U b
∂(ψα)

∂θ
((1− κrcosφ)W a−b)drdθ

= −
∞∑

b=−∞

∫ h

0

[(1− κrcosφ)W a−bU bψα]2π0 dr

+

∫ 2π

0

∫ h

0

U b
∂((1− κrcosφ)W a−b)

∂θ
ψαdrdθ

+

∫ 2π

0

∫ h

0

U b
∂(ψα)

∂θ
((1− κrcosφ)W a−b)drdθ

= 0(periodic) +

∫ 2π

0

∫ h

0

U b
∂((1− κrcosφ)W a−b)

∂θ
ψαdrdθ

+

∫ 2π

0

∫ h

0

U b
∂(ψα)

∂θ
((1− κrcosφ)W a−b)drdθ

(55)

Combine together:

∫ 2π

0

∫ h

0

[termD1]rψαdrdθ =

∞∑
b=−∞

{(
∫ 2π

0

∫ h

0

∂ψα
∂s

rUa−bU bdrdθ

+

∫ 2π

0

∫ h

0

∂(ψα)

∂r
r(1− κrcosφ)V a−bU bdrdθ

+

∫ 2π

0

∫ h

0

∂(ψα)

∂θ
((1− κrcosφ)W a−bU b)drdθ)

+(

∫ 2π

0

∫ h

0

U b
∂Ua−b

∂s
rψαdrdθ

+

∫ 2π

0

∫ h

0

U b
∂(r(1− κrcosφ)V a−b)

∂r
ψαdrdθ

+

∫ 2π

0

∫ h

0

U b
∂((1− κrcosφ)W a−b)

∂θ
ψαdrdθ)

− ∂

∂s

∫ 2π

0

∫ h

0

[rUa−bU bψα]drdθ}

(56)

We apply eq 5, find that:

−i(a− b)κr(1− κrcos(φ))P a−b + [
∂(Ua−br)

∂s
+
∂(V a−br(1− κrcos(φ)))

∂r
+
∂(W a−b(1− κrcos(φ)))

∂θ
]

= o(M2)

(57)
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We have the second terms in eq(31) are equal to:∫ 2π

0

∫ h

0

U b[−i(a− b)κr(1− κrcos(φ))P a−b]ψαdrdθ

= i(a− b)κΨαβγ [r(1− κrcosφ)]P a−bβ U bγ

(58)

And, the longitudinal derivation s can also be expand about the duct modes, with note

[r], (θ), {s}:

∂

∂s

∫ 2π

0

∫ h

0

[rUa−bU bψα]drdθ

=
∂

∂s

∫ 2π

0

∫ h

0

[rψβψγψα]Ua−bβ U bγdrdθ

=
∂

∂s
(

∫ 2π

0

∫ h

0

[rψβψγψα]drdθ)Ua−bβ U bγ

+
∂Ua−bβ U bγ

∂s

∫ 2π

0

∫ h

0

[rψβψγψα]drdθ

=
∂

∂s
(

∫ 2π

0

∫ h

0

[rψβψγψα]drdθ)Ua−bβ U bγ

+(
dUa−bβ

ds
U bγ +

dU bγ
ds

Ua−bβ )

∫ 2π

0

∫ h

0

[rψβψγψα]drdθ

(59)

2. the second X1 tems:

termX1 :

∞∑
b=−∞

κcosφUa−bV b − κsinφUa−bW b

∞∑
b=−∞

∫ 2π

0

∫ h

0

[κcosφUa−bV b − κsinφUa−bW b]rψαdrdθ

= κΨαβγ [rcosφ]Ua−bβ V bγ − κΨαβγ [rsinφ]Ua−bβ W b
γ

(60)

3. the second P1 tems:

termP1 :

∞∑
b=−∞

ibκ(1− κrcosφ)P a−bU b

∞∑
b=−∞

∫ 2π

0

∫ h

0

[ibκ(1− κrcosφ)P a−bU b]rψαdrdθ

= ibκΨαβγ [r(1− κrcosφ)]P a−bβ U bγ

(61)

4. The LHS terms:

∂P a

∂s
− iaκ(1− κrcosφ)Ua

14



From 1.1 as example, we know that ∫ 2π

0

∫ h

0

∂

∂s
[rUa−bU bψα]drdθ

=
∂

∂s

∫ 2π

0

∫ h

0

[rUa−bU bψα]drdθ −
∫ 2π

0

dh(s)

ds
[rUa−bU bψα]r=hdθ

(62)

4.1

∫ 2π

0

∫ h

0

[
∂P a

∂s
]rψαdrdθ

=

∫ 2π

0

∫ h

0

[
∂(P aβψβ)

∂s
]rψαdrdθ

=

∫ 2π

0

∫ h

0

[
∂(P aβψβ)

∂s
rψα]drdθ −

∫ 2π

0

∫ h

0

[
∂(ψα)

∂s
]rψβdrdθP

a
β

=
∂

∂s

∫ 2π

0

∫ h

0

(P aβψβ)rψαdrdθ −
dh(s)

ds
[P aβψβrψα]r=h −

∫ 2π

0

∫ h

0

[
∂(ψα)

∂s
]rψβdrdθP

a
β

=
d

ds
(P aβ δ̂αβ)−

∫ 2π

0

dh(s)

ds
[P aβψβrψα]r=hdθ −

∫ 2π

0

∫ h

0

[
∂(ψα)

∂s
]rψβdrdθP

a
β

(63)

4.2

∫ 2π

0

∫ h

0

[−iaκ(1− κrcosφ)Ua]rψαdrdθ

= −iaκΨαβ [r(1− κrcosφ)]Uaβ

(64)
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Finally, putting all together becomes:

d

ds
(P aβ )δ̂αβ −

∫ 2π

0

dh(s)

ds
[P aβψβrψα]r=hdθ −

∫ 2π

0

∫ h

0

[
∂(ψα)

∂s
]rψβdrdθP

a
β − iaκΨαβ [r(1− κrcosφ)]Uaβ

=
d

ds
(P aβ )δ̂αβ − iaκΨαβ [r(1− κrcosφ)]Uaβ −

∫ 2π

0

hh′[P aβψβψα]r=hdθ −Ψ{α}β [r]P aβ

=

∞∑
b=−∞

(eq31) : {(
∫ 2π

0

∫ h

0

∂ψα
∂s

rUa−bU bdrdθ

+

∫ 2π

0

∫ h

0

∂(ψα)

∂r
r(1− κrcosφ)V a−bU bdrdθ

+(eq33) : i(a− b)κΨαβγ [r(1− κrcosφ)]P a−bβ U bγ

eq(34) : − ∂

∂s
(

∫ 2π

0

∫ h

0

[rψβψγψα]drdθ)Ua−bβ U bγ

−(
dUa−bβ

ds
U bγ +

dU bγ
ds

Ua−bβ )

∫ 2π

0

∫ h

0

[rψβψγψα]drdθ

+eq(35) : κΨαβγ [rcosφ]Ua−bβ V bγ − κΨαβγ [rsinφ]Ua−bβ W b
γ

+eq(36) : ibκΨαβγ [r(1− κrcosφ)]P a−bβ U bγ

= (abbreviation) :

Ψ{α}βγ [r]Ua−bβ Uaγ + Ψ[α]βγ [r(1− κrcosφ)]V a−bβ Uaγ + Ψ(α)βγ [(1− κrcosφ)]W a−b
β Uaγ

+i(a− b)κΨαβγ [r(1− κrcosφ)]P a−bβ U bγ

− ∂

∂s
(Ψαβγ [r]Ua−bβ U bγ −Ψαβγ [r](

dUa−bβ

ds
U bγ +

dU bγ
ds

Ua−bβ )

+κΨαβγ [rcosφ]Ua−bβ V bγ − κΨαβγ [rsinφ]Ua−bβ W b
γ

+ibκΨαβγ [r(1− κrcosφ)]P a−bβ U bγ

(65)

with the es term:

−iaκUa +
1

1− κrcosφ
∂P a

∂s

=

∞∑
b=−∞

termD1 : − Ua−b

1− κrcosφ
∂U b

∂s
− V a−b ∂U

b

∂r
− W a−b

r

∂U b

∂θ

+

∞∑
b=−∞

termX1 :
κcosφ

1− κrcosφ
Ua−bV b − κsinφ

(1− κrcosφ)
Ua−bW b

+

∞∑
b=−∞

termP1 : ibκP a−bU b

(66)
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We have:

−iaκΨαβ [r(1− κrcosφ)]Uaβ +
d

ds
(P aβ )δ̂αβ −

∫ 2π

0

hh′[ψβψα]r=hdθP
a
β −Ψ{α}β [r]P aβ

= termD1 :Ψ{α}βγ [r]Ua−bβ Uaγ + Ψ[α]βγ [r(1− κrcosφ)]V a−bβ Uaγ + Ψ(α)βγ [(1− κrcosφ)]W a−b
β Uaγ

+term(D1 + P1) :i(a)κΨαβγ [r(1− κrcosφ)]P a−bβ U bγ

−termD1 :
∂

∂s
(Ψαβγ [r]Ua−bβ U bγ −Ψαβγ [r](

dUa−bβ

ds
U bγ +

dU bγ
ds

Ua−bβ )

+termX1 :κΨαβγ [rcosφ]Ua−bβ V bγ − κΨαβγ [rsinφ]Ua−bβ W b
γ

(67)

B. Momentum er term

Second, deal with the er term:

−iaκV a +
∂P a

∂r

=

∞∑
b=−∞

termD2 : − Ua−b

1− κrcosφ
∂V b

∂s
− V a−b ∂V

b

∂r
− W a−b

r

∂V b

∂θ

+

∞∑
b=−∞

termX2 :
W a−bW b

r
− κcosφ

(1− κrcosφ)
Ua−bU b

+termP2 :

∞∑
b=−∞

ibκP a−bV b

(68)

LHS-2:∂P
a

∂r (1− κrcosφ) ∫ 2π

0

∫ h

0

[
∂P a

∂r
(1− κrcosφ)]rψαdrdθ

=

∫ 2π

0

∫ h

0

[
∂ψβ(1− κrcosφ)rψα

∂r
]drdθP aβ −

∫ 2π

0

∫ h

0

[
∂ψα(1− κrcosφ)r

∂r
]ψβdrdθP

a
β

=

∫ 2π

0

∫ h

0

[
∂ψβ(1− κrcosφ)rψα

∂r
]drdθP aβ

−
∫ 2π

0

∫ h

0

[
∂ψα
∂r

](1− κrcosφ)rψβdrdθP
a
β −

∫ 2π

0

∫ h

0

[
∂(1− κrcosφ)r

∂r
]ψαψβdrdθP

a
β

=

∫ 2π

0

[ψαψβr(1− κrcosφ)]h0dθP
a
β

−
∫ 2π

0

∫ h

0

[
∂ψα
∂r

](1− κrcosφ)rψβdrdθP
a
β −

∫ 2π

0

∫ h

0

[1− 2κrcosφ]ψαψβdrdθP
a
β

=

∫ 2π

0

[ψαψβr(1− κrcosφ)]h0dθP
a
β −Ψ[α]β [r(1− κrcosφ)]P aβ −Ψαβ [1− 2κrcosφ]P aβ

(69)

The derivation of termD2 is identical to A, we are not prove it again. TermP2 also could be

combine with the part separated term of termD2 with V b. TermX2 is also easy to derive.
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Thus, we have the final equation:

−iaκΨαβ [r(1− κrcosφ)]V aβ∫ 2π

0

[ψαψβr(1− κrcosφ)]h0dθP
a
β −Ψ[α]β [r(1− κrcosφ)]P aβ −Ψαβ [1− 2κrcosφ]P aβ

= termD2 :Ψ{α}βγ [r]Ua−bβ V aγ + Ψ[α]βγ [r(1− κrcosφ)]V a−bβ V aγ + Ψ(α)βγ [(1− κrcosφ)]W a−b
β V aγ

+term(D2 + P2) :i(a)κΨαβγ [r(1− κrcosφ)]P a−bβ V bγ

+termD2 :− ∂

∂s
(Ψαβγ [r]Ua−bβ V bγ −Ψαβγ [r](

dUa−bβ

ds
V bγ +

dV bγ
ds

Ua−bβ )

+termX2 :Ψαβγ [1− κrcosφ]W a−b
β W b

γ − κΨαβγ [rcosφ]Ua−bβ U bγ

(70)

C. Momentum eθ term

Third, deal with the eθ term:

−iaκW a +
1

r

∂P a

∂θ

=

∞∑
b=−∞

termD3 : − Ua−b

1− κrcosφ
∂W b

∂s
− V a−b ∂W

b

∂r
− W a−b

r

∂W b

∂θ

+

∞∑
b=−∞

termX3 :
κsinφ

(1− κrcosφ)
Ua−bU b − W a−bV b

r

+termP3 :

∞∑
b=−∞

ibκP a−bW b

(71)

LHS-2:∂P
a

∂θ
(1−κrcosφ)

r ∫ 2π

0

∫ h

0

[
∂P a

∂θ

(1− κrcosφ)

r
]rψαdrdθ

=

∫ 2π

0

∫ h

0

[
∂ψβ(1− κrcosφ)ψα

∂θ
]drdθP aβ −

∫ 2π

0

∫ h

0

[
∂ψα(1− κrcosφ)

∂θ
]ψβdrdθP

a
β

= 0−
∫ 2π

0

∫ h

0

[
∂ψα
∂θ

](1− κrcosφ)ψβdrdθP
a
β −

∫ 2π

0

∫ h

0

[
∂(1− κrcosφ)

∂θ
]ψαψβdrdθP

a
β

= −
∫ 2π

0

∫ h

0

[
∂ψα
∂θ

](1− κrcosφ)ψβdrdθP
a
β + κ

∫ 2π

0

∫ h

0

[rsinφ]ψαψβdrdθP
a
β

= −Ψ(α)β [(1− κrcosφ)]P aβ − κΨαβ [rsinφ]P aβ

(72)

The derivation of termD3 is identical to A, we are not prove it again. TermP3 also could be

combine with the part separated term of termD3 with W b. TermX3 is also easy to derive.

Thus, we have the final equation:
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−iaκΨαβ [r(1− κrcosφ)]W a
β

−Ψ(α)β [(1− κrcosφ)]P aβ − κΨαβ [rsinφ]P aβ

= termD2 :Ψ{α}βγ [r]Ua−bβ W a
γ + Ψ[α]βγ [r(1− κrcosφ)]V a−bβ W a

γ + Ψ(α)βγ [(1− κrcosφ)]W a−b
β W a

γ

+term(D2 + P2) :i(a)κΨαβγ [r(1− κrcosφ)]P a−bβ W b
γ

+termD2 :− ∂

∂s
(Ψαβγ [r]Ua−bβ V bγ −Ψαβγ [r](

dUa−bβ

ds
W b
γ +

dW b
γ

ds
Ua−bβ )

+termX2 :κΨαβγ [rsinφ]Ua−bβ U bγ −Ψαβγ [1− κrcosφ]W a−b
β V bγ

(73)

IV. Merge the four equations and eliminate the V bγ and W b
γ

A. V aα & W a
αforRHS

Using the linear relationships:

iaκV a =
∂P a

∂r

:=

∫ ∫
iakV aβ ψβrψαdrdθ =

∫ ∫
∂P aβψβ

∂r
rψαdrdθ

= iaκV aβ δ̂αβ = Ψα[β][r]P
a
β =

∫ 2π

0

[rψαψβ ]h0dθP
a
β −

∫ ∫
ψαψβdrdθP

a
β −

∫ ∫
∂ψα
∂r

ψβrdrdθP
a
β

(74)

iakW a =
1

r

∂P a

∂θ

:=

∫ ∫
iakW a

βψβrψαdrdθ =

∫ ∫
∂P aβψβ

∂θ

1

r
rψαdrdθ

= iaκW a
β δ̂αβ = Ψα(β)[r]P

a
β = 0−Ψ(α)β [r]P aβ

(75)

Thus, we can establish relationships between the tranverse modes and pressure modes (no

summation over a)

V aβ δ̂αβ =
1

iaκ
[

∫ 2π

0

[rψαψβ ]h0dθ −Ψαβ −Ψ[α]β [r]]P aβ = Va
αβP

a
β (76)

W a
β δ̂αβ = − 1

iaκ
Ψ(α)βP

a
β = Wa

αβP
a
β (77)
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B. d
ds
V aα & d

ds
W a
αforRHS

We also require modal expressions for d
dsV

a
α and d

dsW
a
α .

We differentiate eq71 with respect to s:

∂V a

∂s
=

1

iaκ

∂2P a

∂s∂r

=
∂

∂r
((1− κrcosφ)Ua)

(78)

where we have used symmetry of mixed partials and the linear expression for ∂Pa

∂s from eq 21.

From 1.1 as example, we know that ∫ 2π

0

∫ h

0

∂

∂s
[rUa−bU bψα]drdθ

=
∂

∂s

∫ 2π

0

∫ h

0

[rUa−bU bψα]drdθ −
∫ 2π

0

dh(s)

ds
[rUa−bU bψα]r=hdθ

(79)

here, we gives a relationship between Ua and V a at the boundary which to dliminate V a tems:

h′Uaβ = (1− κhcosφ)V aβ (80)

Multiplying this expression by rφα and integrating across section of the duct, we obtain:∫ 2π

0

∫ h

0

∂V a

∂s
rψαdrdθ =

∫ 2π

0

∫ h

0

∂

∂r
((1− κrcosφ)Ua)rψαdrdθ

LHS :=

∫ 2π

0

∫ h

0

∂[V aβ ψβrψα]

∂s
drdθ −

∫ 2π

0

∫ h

0

∂rψα
∂s

ψβdrdθV
a
β

=
∂

∂s

∫ 2π

0

∫ h

0

[V aβ ψβrψα]drdθ −
∫ 2π

0

dh(s)

ds
[V aβ ψβrψα]h0dθ −

∫ 2π

0

∫ h

0

∂ψα
∂s

ψβrdrdθV
a
β

=
d

ds
V aβ δ̂αβ −

∫ 2π

0

h′
2

1− κhcosφ
[rψβψα]h0dθU

a
β −Ψ{α}β [r]V aβ

RHS :=

∫ 2π

0

∫ h

0

∂

∂r
((1− κrcosφ)Uaβψβrψα)drdθ −

∫ 2π

0

∫ h

0

∂(rψα)

∂r
(1− κrcosφ)Uaβψβdrdθ

=

∫ 2π

0

[r(1− κrcosφ)ψβψα]h0dθU
a
β −

∫ 2π

0

∫ h

0

∂ψα
∂r

r(1− κrcosφ)ψβdrdθU
a
β −

∫ 2π

0

∫ h

0

(1− κrcosφ)ψαψβdrdθU
a
β

=

∫ 2π

0

[r(1− κrcosφ)ψβψα]h0dθU
a
β −Ψ[α]β [r(1− κrcosφ)]Uaβ −Ψαβ [(1− κrcosφ)]Uaβ

(81)

Thus, LHS=RHS, we have:

d

ds
V aβ δ̂αβ =

∫ 2π

0

h′
2

1− κhcosφ
[rψβψα]h0dθU

a
β + Ψ{α}β [r]V aβ

+

∫ 2π

0

[r(1− κrcosφ)ψβψα]h0dθU
a
β −Ψ[α]β [r(1− κrcosφ)]Uaβ −Ψαβ [(1− κrcosφ)]Uaβ

(82)
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Similarly for W a, differentiating eq50 with respect to s and substituting the linear expression

for ∂Pa

∂s by eq21:

∂W a

∂s
=

1

iaκ

∂2P a

∂s∂θ

=
1

r

∂

∂θ
((1− κrcosφ)Ua)

(83)

Multiplying this expression by rφα and integrating across section of the duct, we obtain:∫ 2π

0

∫ h

0

∂W a

∂s
rψαdrdθ =

∫ 2π

0

∫ h

0

1

r

∂

∂θ
((1− κrcosφ)Ua)rψαdrdθ

LHS :=

∫ 2π

0

∫ h

0

∂[W a
βψβrψα]

∂s
drdθ −

∫ 2π

0

∫ h

0

∂rψα
∂s

ψβdrdθW
a
β

=
∂

∂s

∫ 2π

0

∫ h

0

[W a
βψβrψα]drdθ −

∫ 2π

0

dh(s)

ds
[W a

βψβrψα]h0dθ −
∫ 2π

0

∫ h

0

∂ψα
∂s

ψβrdrdθW
a
β

=
d

ds
W a
β δ̂αβ −

∫ 2π

0

dh(s)

ds
[ψβrψα]h0dθW

a
β −Ψ{α}β [r]W a

β

RHS :=

∫ 2π

0

∫ h

0

∂

∂θ
((1− κrcosφ)Uaβψβψα)drdθ −

∫ 2π

0

∫ h

0

∂(ψα)

∂θ
(1− κrcosφ)Uaβψβdrdθ

= 0(periodic)−Ψ(α)β [1− κrcosφ]Uaβ

(84)

Thus, LHS=RHS, we have:

d

ds
W a
β δ̂αβ =

∫ 2π

0

dh(s)

ds
[ψβrψα]h0dθW

a
β + Ψ{α}β [r]W a

β −Ψ(α)β [1− κrcosφ]Uaβ = −Ψα{β}[r]W
a
β −Ψ(α)β [1− κrcosφ]Uaβ

(85)

V. Substitue pressure modes for transverse velocity modes

A. mass equation

dUaβ
ds

δ̂αβ −Ψ{α}β [r]Uaβ − iaκΨαβ [r(1− κcos(φ))]P aβ −Ψ[α]β [r(1− κrcos(φ))]V aβ −Ψ(α)β [(1− κrcos(φ))]W a
β

= Ψαβγ [r(1− κrcos(φ))]

+∞∑
b=−∞

(−ibκP a−bβ P bγ − ibκUa−bβ U bγ − ibκV a−bβ V bγ − ibκW a−b
β W b

γ − iaκ
B

2A
P a−bβ P bγ )

(86)

Transform:
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dUaβ
ds

δ̂αβ := Îaαβu
′a
β

−Ψ{α}β [r]Uaβ := −Ψ{α}β [r]uaβ → G

−iaκΨαβ [r(1− κcos(φ))]P aβ :=
∑+∞
β=0−iaκΨαβ [r(1− κcos(φ))]paβ →M1

−Ψ[α]β [r(1− κrcos(φ))]V aβ :=
∑+∞
β=0−Ψ[α]δ[r(1− κrcos(φ))]Va

δβp
a
β →M2 + Ψ[α]δ[r(1− krcosφ)](N−1)(o(M2

2 ))

−Ψ(α)β [(1− κrcos(φ))]W a
β :=

∑+∞
β=0−Ψ(α)δ[(1− κrcos(φ))]Wa

δβp
a
β →M3 + Ψ[α]δ[r(1− krcosφ)](N−1)(o(M2

3 ))

Ψαβγ [r(1− κrcos(φ))]

+∞∑
b=−∞

(−ibκP a−bβ P bγ ) :=

+∞∑
b=−∞

−ibκ
+∞∑
β=0

+∞∑
γ=0

Ψαβγ [(1− κrcos(φ))]pa−bβ pbγ → B2

Ψαβγ [r(1− κrcos(φ))]

+∞∑
b=−∞

(−ibκUa−bβ U bγ) :=

+∞∑
b=−∞

−ibκ
+∞∑
β=0

+∞∑
γ=0

Ψαβγ [(1− κrcos(φ))]ua−bβ ubγ → A1

Ψαβγ [r(1− κrcos(φ))]

+∞∑
b=−∞

(−ibκV a−bβ V bγ ) :=

+∞∑
b=−∞

−ibκ
+∞∑
β=0

+∞∑
γ=0

∞∑
δ,ε=0

Ψαδε[r(1− κrcosφ)]Va−b
δβ Vb

εγp
a−b
β pbγ → B3

Ψαβγ [r(1− κrcos(φ))]

+∞∑
b=−∞

(−ibκW a−b
β W b

γ ) :=

+∞∑
b=−∞

−ibκ
+∞∑
β=0

+∞∑
γ=0

∞∑
δ,ε=0

Ψαδε[r(1− κrcosφ)]Wa−b
δβ Wb

εγp
a−b
β pbγ → B4

Ψαβγ [r(1− κrcos(φ))]

+∞∑
b=−∞

(−iaκ B
2A

P a−bβ P bγ ) :=

+∞∑
b=−∞

−iaκ B
2A

+∞∑
β=0

+∞∑
γ=0

Ψαβγ [(1− κrcos(φ))]pa−bβ pbγ → B1

(87)

Here, may be a little question of transform with P, think about N−1, transform it as matrix we

could solve it:

∵ iaκV a =
∂P a

∂r
+ o(M2)∫ ∫

iaκV aφαdrdθ =

∫ ∫
iaκφαφβdrdθV

a
β = IaαβV

a
β = Va

αβp
a
β +

∫ ∫
o(M2)rφαdrdθ

∵ iaκ(1− κrcosφ)V a = (1− κrcosφ)
∂P a

∂r
+ (1− κrcosφ)o(M2)∫ ∫

iaκ(1− κrcosφ)V aφαrdrdθ = Na
αβV

a
β =

∫ ∫
(1− κrcosφ)

∂P a

∂r
rφαdrdθ +

∫ ∫
(1− κrcosφ)o(M2)drdθ

∴ (N−1)aβα

∫ ∫
(1− κrcosφ)

∂P a

∂r
rφαdrdθ = (I−1)aβαI

a
αβV

a
β

(N−1)aβα

∫ ∫
(1− κrcosφ)o(M2)drdθ = (I−1)aβα

∫ ∫
o(M2)rφαdrdθ

(88)
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B. momentum equation I

d

ds
P aβ δ̂αβ − iaκΨαβ [r(1− κrcosφ)]Uaβ −

∫ 2π

0

hh′[ψβψα]r=hdθP
a
β −Ψ{α}β [r]P aβ

=

+∞∑
b=−∞

termD1 :Ψ{α}βγ [r]Ua−bβ Uaγ + Ψ[α]βγ [r(1− κrcosφ)]V a−bβ Uaγ + Ψ(α)βγ [(1− κrcosφ)]W a−b
β Uaγ

+term(D1 + P1) :i(a)κΨαβγ [r(1− κrcosφ)]P a−bβ U bγ

+termD1 :− ∂

∂s
(Ψαβγ [r])Ua−bβ U bγ −Ψαβγ [r](

dUa−bβ

ds
U bγ +

dU bγ
ds

Ua−bβ )

+termX1 :Ψαβγ [rcosφ]Ua−bβ V bγ − κΨαβγ [rsinφ]Ua−bβ W b
γ

(89)

Transform:

d

ds
P aβ δ̂αβ := Îaαβp

′a
β

−iaκΨαβ [r(1− κrcosφ)]Uaβ := −iaκΨαβ [r(1− κcos(φ))]uaβ → −N

−
∫ 2π

0

hh′[ψβψα]r=hdθP
a
β −Ψ{α}β [r]P aβ := −

∫ 2π

0

hh′[ψβψα]r=hdθp
a
β −Ψ{α}β [r]paβ = Ψ{α}β [r]paβ → −H

Ψ{α}βγ [r]

+∞∑
b=−∞

Ua−bβ Uaγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψ{α}βγ [r]ua−bβ ubγ → D4

Ψ[α]βγ [r(1− κrcosφ)]

+∞∑
b=−∞

V a−bβ Uaγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

∞∑
δ,ε=0

Ψ[α]δε[r(1− κrcosφ)]Va−b
δβ Ibεγp

a−b
β ubγ → C4

Ψ(α)βγ [(1− κrcosφ)]

+∞∑
b=−∞

W a−b
β Uaγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

∞∑
δ,ε=0

Ψ(α)δε[(1− κrcosφ)]Wa−b
δβ Ibεγp

a−b
β ubγ → C5

iaκΨαβγ [r(1− κrcosφ)]

+∞∑
b=−∞

P a−bβ U bγ := iaκ

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψαβγ [r(1− κrcosφ)]pa−bβ ubγ → C3

− ∂

∂s
(Ψαβγ [r])

+∞∑
b=−∞

Ua−bβ U bγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

− ∂

∂s
(Ψαβγ [r])ua−bβ ubγ → D1

−Ψαβγ [r]

+∞∑
b=−∞

(
dUa−bβ

ds
U bγ +

dU bγ
ds

Ua−bβ ) := Ψαβγ [r]

+∞∑
b=−∞

([(Mp)a−bβ + (Gu)a−bβ ]U bγ + [(Mp)bγ + (Gu)bγ ]Ua−bβ )

=

+∞∑
b=−∞

(Ψαβγ [r][G, I] + Ψαβγ [r][I,G])ua−bβ ubγ → D2,3

+

+∞∑
b=−∞

(Ψαβγ [r][M, I] + Ψαβγ [r][I,M])ua−bβ pbγ → C1,2

Ψαβγ [rcosφ]Ua−bβ V bγ − κΨαβγ [rsinφ]Ua−bβ W b
γ := {

+∞∑
b=−∞

Ψαβγ [rcosφ][I,V]− κΨαβγ [rsinφ][I,W]}ua−bγ pbβ → C6,7

(90)
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Here, little transform easy to be proved:

Ψ[α]βγ [r(1− κrcosφ)]

+∞∑
b=−∞

V a−bβ Uaγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

∞∑
δ,ε=0

Ψ[α]δε[r(1− κrcosφ)]Va−b
δβ Ibεγp

a−b
β ubγ → C4

∴ Ψ[α]βγ [r(1− κrcosφ)][I, V ][pa−bβ , ubγ ] = Ψ[α]βγ [r(1− κrcosφ)][V, I][ua−bβ , pbγ ]

Ψ(α)βγ [(1− κrcosφ)]

+∞∑
b=−∞

W a−b
β Uaγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

∞∑
δ,ε=0

Ψ(α)δε[(1− κrcosφ)]Wa−b
δβ Ibεγp

a−b
β ubγ → C5

∴ Ψ(α)βγ [1− κrcosφ][I,W ][pa−bβ , ubγ ] = Ψ[α]βγ [1− κrcosφ][W, I][ua−bβ , pbγ ]

iaκΨαβγ [r(1− κrcosφ)]

+∞∑
b=−∞

P a−bβ U bγ := iaκ

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψαβγ [r(1− κrcosφ)]pa−bβ ubγ → C3

∴ iaκΨαβγ [r(1− κrcosφ)][I, I][pa−bβ , ubγ ] = iaκΨαβγ [r(1− κrcosφ)][I, I][ua−bβ , pbγ ]

(91)

C. momentum equation II

−iaκΨαβ [r(1− κrcosφ)]V aβ

+

∫ 2π

0

[ψαψβr(1− κrcosφ)]h0dθP
a
β −Ψ[α]β [r(1− κrcosφ)]P aβ −Ψαβ [1− 2κrcosφ]P aβ

= termD2 :Ψ{α}βγ [r]Ua−bβ V aγ + Ψ[α]βγ [r(1− κrcosφ)]V a−bβ V aγ + Ψ(α)βγ [(1− κrcosφ)]W a−b
β V aγ

+term(D2 + P2) :i(a)κΨαβγ [r(1− κrcosφ)]P a−bβ V bγ

+termD2 :− ∂

∂s
(Ψαβγ [r])Ua−bβ V bγ −Ψαβγ [r](

dUa−bβ

ds
V bγ +

dV bγ
ds

Ua−bβ )

+termX2 :Ψαβγ [1− κrcosφ]W a−b
β W b

γ − κΨαβγ [rcosφ]Ua−bβ U bγ

(92)

With:

d

ds
V aβ δ̂αβ = {

∫ 2π

0

h′
2

1− κhcosφ
[rψβψα]h0dθ

+

∫ 2π

0

[r(1− κrcosφ)ψβψα]h0dθ −Ψ[α]β [r(1− κrcosφ)]−Ψαβ [(1− κrcosφ)]}Uaβ

−GaαβV aβ

(93)
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Transform:

−iaκΨαβ [r(1− κrcosφ)]V aβ := −Na
αβV

a
β

{
∫ 2π

0

[ψαψβr(1− κrcosφ)]h0dθ −Ψ[α]β [r(1− κrcosφ)]−Ψαβ [1− 2κrcosφ]}P aβ

Ψ{α}βγ [r]Ua−bβ V aγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψ{α}δε[r]Ia−bδβ Vb
εγu

a−b
β pbγ =

+∞∑
b=−∞

Ψ{α}βγ [r][I,V]ua−bβ pbγ → ε1.4

Ψ[α]βγ [r(1− κrcosφ)]V a−bβ V aγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψ[α]δε[r(1− κrcosφ)]Va−b
δβ Vb

εγp
a−b
β pbγ → B5.3

Ψ(α)βγ [(1− κrcosφ)]W a−b
β V aγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψ(α)δε[1− κrcosφ]Wa−b
δβ Vb

εγp
a−b
β pbγ → B5.4

i(a)κΨαβγ [r(1− κrcosφ)]P a−bβ V bγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

iaκΨαδε[r(1− κrcosφ)]Ia−bδβ Vb
εγp

a−b
β pbγ → B5.2

− ∂

∂s
(Ψαβγ [r])Ua−bβ V bγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

− ∂

∂s
(Ψαδε[r])Ia−bδβ Vb

εγu
a−b
β pbγ → ε1.1

−Ψαβγ [r]

+∞∑
b=−∞

(
dUa−bβ

ds
V bγ +

dV bγ
ds

Ua−bβ )

:= −Ψαβγ [r]

+∞∑
b=−∞

(Îa−b
−1

[−(Mp)a−bβ − (Gu)a−bβ ]V bγ

+Îbγα
−1
{
∫ 2π

0

h′
2

1− κhcosφ
[rψβψα]h0dθ

+

∫ 2π

0

[r(1− κrcosφ)ψβψα]h0dθ −Ψ[α]β [r(1− κrcosφ)]−Ψαβ [(1− κrcosφ)]}U bβUa−bβ

−(Îbγα
−1
GbαβV

b
β )Ua−bβ )

=

+∞∑
b=−∞

(Ψαβγ [r][̂I
−1

G,V]])ua−bβ pbγ → ε1.2

+

+∞∑
b=−∞

(Ψαβγ [r][̂I
−1

M,V]])pa−bβ pbγ → B5.1

−
+∞∑
b=−∞

Ψαβγ [r]{Î
−1

(

∫ 2π

0

h′
2

1− κhcosφ
[rψβψα)]h0dθ

+

∫ 2π

0

[r(1− κrcosφ)ψβψα]h0dθ −Ψ[α]β [r(1− κrcosφ)]−Ψαβ [(1− κrcosφ)]}ua−bβ ubγ → A2.1,2.2,2.4,2.3

+

+∞∑
b=−∞

Ψαβγ [r][I, Î
−1

GV])ua−bβ pbγ → ε1.3

Ψαβγ [1− κrcosφ]W a−b
β W b

γ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψαδε[1− κrcosφ]Wa−b
δβ Wb

εγp
a−b
β pbγ → B5.5

−κΨαβγ [rcosφ]Ua−bβ U bγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

−κΨαβγ [rcosφ]ua−bβ ubγ → A2.5

(94)
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D. momentum equation III

−iaκΨαβ [r(1− κrcosφ)]W a
β

−Ψ(α)β [(1− κrcosφ)]P aβ − κΨαβ [rsinφ]P aβ

= termD2 :Ψ{α}βγ [r]Ua−bβ W a
γ + Ψ[α]βγ [r(1− κrcosφ)]V a−bβ W a

γ + Ψ(α)βγ [(1− κrcosφ)]W a−b
β W a

γ

+term(D2 + P2) :i(a)κΨαβγ [r(1− κrcosφ)]P a−bβ W b
γ

+termD2 :− ∂

∂s
(Ψαβγ [r])Ua−bβ V bγ −Ψαβγ [r](

dUa−bβ

ds
W b
γ +

dW b
γ

ds
Ua−bβ )

+termX2 :κΨαβγ [rsinφ]Ua−bβ U bγ −Ψαβγ [1− κrcosφ]W a−b
β V bγ

(95)

With:

d

ds
W a
β δ̂αβ =

∫ 2π

0

dh(s)

ds
[ψβrψα]h0dθW

a
β + Ψ{α}β [r]W a

β −Ψ(α)β [1− κrcosφ]Uaβ = −Ψα{β}[r]W
a
β −Ψ(α)β [1− κrcosφ]Uaβ

(96)
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Transform:

−iaκΨαβ [r(1− κrcosφ)]W a
β := −Na

αβW
a
β

−Ψ(α)β [(1− κrcosφ)]paβ − κΨαβ [rsinφ]paβ

Ψ{α}βγ [r]Ua−bβ W a
γ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψ{α}δε[r]Ia−bδβ Wb
εγu

a−b
β pbγ =

+∞∑
b=−∞

Ψ{α}βγ [r][I,W]ua−bβ pbγ → ε2.4

Ψ[α]βγ [r(1− κrcosφ)]V a−bβ W a
γ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψ[α]δε[r(1− κrcosφ)]Va−b
δβ Wb

εγp
a−b
β pbγ → B6.3

Ψ(α)βγ [(1− κrcosφ)]W a−b
β W a

γ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

Ψ(α)δε[1− κrcosφ]Wa−b
δβ Wb

εγp
a−b
β pbγ → B6.4

i(a)κΨαβγ [r(1− κrcosφ)]P a−bβ W b
γ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

iaκΨαδε[r(1− κrcosφ)]Ia−bδβ Wb
εγp

a−b
β pbγ → B6.2

− ∂

∂s
(Ψαβγ [r])Ua−bβ W b

γ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

− ∂

∂s
(Ψαδε[r])Ia−bδβ Wb

εγu
a−b
β pbγ → ε2.1

−Ψαβγ [r]

+∞∑
b=−∞

(
dUa−bβ

ds
W b
γ +

dW b
γ

ds
Ua−bβ )

:= −Ψαβγ [r]

+∞∑
b=−∞

(̂I
−1

[−(Mp)a−bβ − (Gu)a−bβ ]W b
γ − {HW a

β −Ψ(α)β [1− κrcosφ]Uaβ}Ua−bβ

=

+∞∑
b=−∞

(Ψαβγ [r][̂I
−1

G,W]])ua−bβ pbγ → ε2.2

+

+∞∑
b=−∞

(Ψαβγ [r][̂I
−1

M,W]])pa−bβ pbγ → B6.1

−
+∞∑
b=−∞

Ψαβγ [r][I, Î
−1

HW]ua−bβ pbγ → ε2.3

+

+∞∑
b=−∞

Ψαβγ [r](̂I
−1

Ψ(α)β [1− κrcosφ])uaβu
a−b
β → A3.1

κΨαβγ [rsinφ]Ua−bβ U bγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

κΨαβγ [rsinφ]ua−bβ ubγ → A3.2

−Ψαβγ [1− κrcosφ]W a−b
β V bγ :=

+∞∑
b=−∞

+∞∑
β=0

+∞∑
γ=0

−Ψαδε[1− κrcosφ]Wa−b
δβ Vb

εγp
a−b
β pbγ → B6.5

(97)

Finally, we obtain two equations involving just pressure and longitudinal velocity modes. Here,

M,N,A,B,and C encoding the curvature of the duct. The terms G,H,D encode the variation in duct

diameter as well as the torsion. The term ε encodes variation of diameter and the torsion together

with curvature if either of the first two are present.
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Îaαβu
′a
β + Ma

αβp
a
β + Ga

αβu
a
β = Aabαβγ [ua−bβ , ubγ ] + Babαβγ [pa−bβ , pbγ ] + εabαβγ [ua−bβ , pbγ ]

Îaαβp
′a
β −Na

αβu
a
β −Ha

αβp
a
β = Cabαβγ [ua−bβ , pbγ ] +Dabαβγ [ua−bβ , ubγ ]

(98)

VI. Introduce the admittance matrix

Due to the present of evanescent modes these equations are numerically unstable and cannot be

integrated directly. Define a relation between the pressure and velicity in terms of the admittance.

When solving for pressure, it is easier to work with the addmittance rather than the impedance Z

(Y = Z−1), to avoid inverting large matrices in the work that will follow.

The following relationship is defined:

Îaαβu
a
β = Y aαβp

a
β + Yabαβγ [pa−bβ , pbγ ] (99)

where Y = Y (s) is the linear part of the admittance and Y = Y(s) is the second order non-

linear correction to the admittance, henceforth referred to as the nonlinear admittance term. We

differentiate it:

Îaαβu
′ = Y

′a
αβp

a
β + Y aαβp

′a
β + Y

′ab
αβγ [pa−bβ , pbγ ] + Yabαβγ [p

′a−b
β , pbγ ] + Yabαβγ [pa−bβ , p

′b
γ ] (100)

Substitute in eq98 of u′,

−Ma
αβp

a
β −Ga

αβu
a
β +Aabαβγ [ua−bβ , ubγ ] + Babαβγ [pa−bβ , pbγ ] + εabαβγ [ua−bβ , pbγ ]

= Y
′a
αβp

a
β + Y aαβp

′a
β + Y

′ab
αβγ [pa−bβ , pbγ ] + Yabαβγ [p

′a−b
β , pbγ ] + Yabαβγ [pa−bβ , p

′b
γ ]

(101)

Then, p′

−Ma
αβp

a
β −Ga

αβu
a
β +Aabαβγ [ua−bβ , ubγ ] + Babαβγ [pa−bβ , pbγ ] + εabαβγ [ua−bβ , pbγ ]

= Y
′a
αβp

a
β

+Y aαβ Î
a
βα

−1
(Na

αβu
a
β + Ha

αβp
a
β + Cabαβγ [ua−bβ , pbγ ] +Dabαβγ [ua−bβ , ubγ ])

+Y
′ab
αβγ [pa−bβ , pbγ ]

+Yabαβγ [Na−b
βδ ua−bδ + Ha−b

βδ pa−bδ , pbγ ]

+Yabαβγ [pa−bβ ,Nb
γδu

b
δ + Hb

γδp
b
δ]

(102)
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Use eq99 to express u in terms of p,Îaαβuaβ = Y aαβp
a
β + Yabαβγ [pa−bβ , pbγ ]

−Ma
αβp

a
β −Ga

αβ Î
a
βα

−1
Y aαβp

a
β −Ga

αβ Î
a
βα

−1
Yabαβγ [pa−bβ , pbγ ]

+Aabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Îbγα

−1
Y ±bαγ p

b
γ ] + Babαβγ [pa−bβ , pbγ ] + εabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , pbγ ]

= Y
′a
αβp

a
β + Y aαβ Î

a
βα

−1
(Na

αβ Î
a
βα

−1
Y aαβp

a
β + Na

αβ Î
a
βα

−1
Yabαβγ [pa−bβ , pbγ ] + Ha

αβp
a
β

+Cabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , pbγ ] +Dabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Îbγα

−1
Y ±bαγ p

b
γ ])

+Y
′ab
αβγ [pa−bβ , pbγ ] + Yabαβγ [Na−b

βδ Îa−bδα

−1
Y a−bαδ pa−bδ + Ha−b

βδ pa−bδ , pbγ ]

+Yabαβγ [pa−bβ ,Nb
γδ Î

b
δα

−1
Y bαδp

b
δ + Hb

γδp
b
δ]

(103)

This equation has two distinct orders of magnitude: terms linear in p, and terms quadratic in

p. We can equate linear terms and the quadratic terms separately to grt two distinct equations:

linear : Y
′a
αβp

a
β + Y aαβ Î

a
βα

−1
Na
αβ Î

a
βα

−1
Y aαβp

a
β + Ma

αβp
a
β + Y aαβ Î

a
βα

−1
Ha
αβp

a
β + Ga

αβ Î
a
βα

−1
Y aαβp

a
β = 0,

(104)

quadratic : Y
′ab
αβγ [pa−bβ , pbγ ] + Yabαβγ [Na−b

βδ Îa−bδα

−1
Y a−bαδ pa−bδ , pbγ ] + Yabαβγ [pa−bβ ,Nb

γδ Î
b
δα

−1
Y bαδp

b
δ]

+Y aαβ Î
a
βα

−1
Na
αβ Î

a
βα

−1
Yabαβγ [pa−bβ , pbγ ] + Y aαβ Î

a
βα

−1
Cabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , pbγ ]

−Aabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Îbγα

−1
Y ±bαγ p

b
γ ]− Babαβγ [pa−bβ , pbγ ]− εabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , pbγ ]

+Yabαβγ [pa−bβ ,Hb
γδp

b
δ] + Yabαβγ [Ha−b

βδ pa−bδ , pbγ ] + Ga
αβ Î

a
βα

−1
Yabαβγ [pa−bβ , pbγ ]

+Y aαβ Î
a
βα

−1
Dabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Îbγα

−1
Y ±bαγ p

b
γ ] = 0

(105)

As both of these equation hold true for a general p we can eliminate it to obtain an equation

for the linear part of the admittance and an equation for the nonlinear part of the admittance:

linear − 2D : Y
′a
αβ + Y aαβ Î

a
βα

−1
Na
αβ Î

a
βα

−1
Y aαβ + Ma

αβ + Y aαβ Î
a
βα

−1
Ha
αβ + Ga

αβ Î
a
βα

−1
Y aαβ = 0, (106)
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For quadratic, with:

(A[x, y])aα = (Aabαβγ [xa−bβ , ybγ ])aα =

∞∑
b=−∞

∞∑
β,γ=0

Aabαβγx
a−b
β ybγ

(A[X,Y ])abαβγ
:::::::::::

= (Aabαδε[Xa−b
δβ , Y bεγ ])abαβγ =

∞∑
δ,ε=0

AabαδεX
a−b
δβ Y bεγ

Thus, {(A[X,Y ])abαβγ [x, y]}aα = {(Aabαδε[Xa−b
δβ , Y bεγ ])abαβγ [xa−bβ , ybγ ]}aα

=

∞∑
b=−∞

∞∑
β,γ=0

(

∞∑
δ,ε=0

AabαδεX
a−b
δβ Y bεγ)xa−bβ ybγ

=

∞∑
b=−∞

{
∞∑

δ,ε=0

Aabαδε(

∞∑
β

Xa−b
δβ xa−bβ )a−bδ (

∞∑
γ=0

Y bεγ)ybγ)bε} = A[Xx, Y y]

(107)

We now can eliminate p, remaining 3-D tensors:

quadratic : Y
′ab
αβγ [Iβδp

a−b
δ , Iγεp

b
ε] + Yabαβγ [Na−b

βδ Îa−bδα

−1
Y a−bαδ pa−bδ , Iγεp

b
ε] + Yabαβγ [Iβδp

a−b
δ ,Nb

γδ Î
b
δα

−1
Y bαδp

b
δ]

+Y aαβ Î
a
βα

−1
Na
αβ Î

a
βα

−1
Yabαβγ [Iβδp

a−b
δ , Iγεp

b
ε] + Y aαβ Î

a
βα

−1
Cabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Iγεp

b
ε]

−Aabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Îbγα

−1
Y ±bαγ p

b
γ ]− Babαβγ [Iβδp

a−b
δ , Iγεp

b
ε]− εabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Iγεp

b
ε]

+Yabαβγ [Iβδp
a−b
δ ,Hb

γδp
b
δ] + Yabαβγ [Ha−b

βδ pa−bδ , Iγεp
b
ε] + Ga

αβ Î
a
βα

−1
Yabαβγ [Iβδp

a−b
δ , Iγεp

b
ε]

+Y aαβ Î
a
βα

−1
Dabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Îbγα

−1
Y ±bαγ Iγεp

b
ε] = 0

(108)

⇒ quadratic-rank 5 tensor(2 upper, 3 lower):

(Y
′ab
αβγ [Iβδ, Iγε]

ab
αβγ)

::::::::::::::::

[pa−bδ , pbε] + Yabαβγ [Na−b
βδ Îa−bδα

−1
Y a−bαδ , Iγε][p

a−b
δ , pbε] + Yabαβγ [Iβδ,Nb

γδ Î
b
δα

−1
Y bαδ][p

a−b
δ , pbε]

+Y aαβ Î
a
βα

−1
Na
αβ Î

a
βα

−1
Yabαβγ [Iβδ, Iγε][p

a−b
δ , pbε] + Y aαβ Î

a
βα

−1
Cabαβγ [Îa−bβα

−1
Y ±a−bαβ , Iγε][p

a−b
δ , pbε]

−Aabαβγ [Îa−bβα

−1
Y ±a−bαβ , Îbγα

−1
Y ±bαγ ][pa−bδ , pbε]− Babαβγ [Iβδ, Iγε][p

a−b
δ , pbε]− εabαβγ [Îa−bβα

−1
Y ±a−bαβ , Iγε][p

a−b
δ , pbε]

+Yabαβγ [Iβδ,Hb
γδp

b
δ] + Yabαβγ [Ha−b

βδ pa−bδ , Iγε][p
a−b
δ , pbε] + Ga

αβ Î
a
βα

−1
Yabαβγ [Iβδ, Iγε][p

a−b
δ , pbε]

+Y aαβ Î
a
βα

−1
Dabαβγ [Îa−bβα

−1
Y ±a−bαβ , Îbγα

−1
Y ±bαγ Iγε][p

a−b
δ , pbε] = 0

(109)

These equation are solved from the outlet of the duct, applying the appropriate radiation bound-

ray condition at the duct exit. Once Y(s) and Y(s) are found throught the duct, eq99 can then be

used to replace the velocity modes with pressure modes in eq98, to obtain a numerically stable first
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order ODE for the pressure modes:

Îaαβp
′a
β = Na

αβ Î
a
βα

−1
Y aαβp

a
β + Na

αβ Î
a
βα

−1
Yabαβγ [pa−bβ , pbγ ]

+Ha
αβp

a
β + Cabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , pbγ ] +Dabαβγ [Îa−bβα

−1
Y ±a−bαβ pa−bβ , Îbγα

−1
Y ±bαγ p

b
γ ])

(110)

This equation can be solved from the source to the outlet. As the equation involves the local

admittance at each point, the solution includes both forward and backwards propagating waves

together with their nonlinear interaction.

VII. Boundary Conditions for an infinite uniform duct oulet

The simplest boundary condition to consider for the adimittance is that of an outlet consisting of

an infinitely long uniform duct of constant curvature for which we have only propagating waves and

decaying evanescent waves. In such a duct no point can be distinguished from another longitudinally,

therefore we must have the adimittance being a fixed point of the admittance equations. To find

the fixed points, we begin by combing eq99, ignoring the quadratic terms for the moment, to form

a second order ODE for the pressure modes, G,H, the derivatives of M and N vanish:

Îaαβu
′a
β + Ma

αβp
a
β = 0

Îaαβp
′a
β −Na

αβu
a
β = 0

(111)

Îaαβp
′′a
β (s) + Na

αβ Î
a
βα

−1
Ma

αβp
a
β(s) = 0 (112)

{vi,−λ2i } = eig(Na
αβ Î

a
βα

−1
Ma

αβ Î
a
βα

−1
), suppose α = β (113)

In matrix,

[Na
αβ Î

a
βα

−1
Ma

αβ Î
a
βα

−1
]
α×αV = V Λ2, V = [v1, v2, v3, ...],Λ = diag(iλ1, iλ2, ...) (114)

The solution in terms of forward and backward modes is given by:

p = p+ + p− =

∞∑
k=1

(c+k vke
iλks + c−k vke

−iλks) (115)
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where the vi are the eigenvalue of NM with eigenvalues λ2i , with arbitary c+k and c−k . Here, we

have split the solution into forward and backward waves. The roots of the λk are chosen as follows:

λk =


(λ2k)1/2, λ2k > 0

i(−λ2k)1/2, λ2k < 0

(116)

to ensure either propagating or decaying evanescent modes in the positive direction. Based on

extensive numerical evaluations, we observe that all of the eigenvectors of NM are real. We now

introduce the characteristic forword and backwards admittance, linearly relating the forward and

backwards modes:

Îaαβu
±a
β = Y ±aαβ p

±a
β

(117)

Using this, together with the linear equation relating pressure and velocity (p±aβ )′ = Na
αβu

±a
β ,

we obtain and expression for Y ±aαβ

(p±aβ (s))′ = Na
αβ Î

a
βα

−1
Y ±aαβ p

±a
β (s) (118)

Which is similar to above eig property, we have:

[Na
αβ Î

a
βα

−1
Y ±aαβ Îaβα

−1
]
α×α

V = ±V Λ, V = [v1, v2, v3, ...],Λ = diag(iλ1, iλ2, ...)

⇒ Y ±aαβ = ±ÎaαβN
a
βα
−1V ΛV −1Îaαβ = ±ÎaαβN

a
βα
−1√V Λ2V −1Îaαβ = ±iÎaαβNa

βα
−1

√
Na
αβ Î

a
βα

−1
Ma

αβ Î
a
βα

−1
Îaαβ

(119)

Subsitue into eq, again ignoring G and H as the duct is assumed uniform:

linear − 2D : Y
′a
αβ + Y aαβ Î

a
βα

−1
Na
αβ Î

a
βα

−1
Y aαβ + Ma

αβ + Y aαβ Î
a
βα

−1
Ha
αβ + Ga

αβ Î
a
βα

−1
Y aαβ = 0, (120)

Y
′a
αβ = ÎaαβN

a
βα
−1

√
Na
αβ Î

a
βα

−1
Ma

αβ Î
a
βα

−1
Îaαβ Î

a
βα

−1
Na
αβ Î

a
βα

−1
ÎaαβN

a
βα
−1

√
Na
αβ Î

a
βα

−1
Ma

αβ Î
a
βα

−1
Îaαβ −Ma

αβ = 0

(121)

Therefore, Y = Y + is the boundary condition applied at exit, implying only outgoing (not

ingoing) propagating waves and decaying evanescent waves in the outlet.

Now, we introduce a matrix W, =V with columns given by the eigevectors of Y ±N with corre-

sponding eigenvalue matrix ±Λ:

Y ±aαβ = ±ÎaαβN
a
βα
−1V aα×αΛaα×αV

a
α×α

−1Îaαβ ⇒ Na
αβ Î

a
βα

−1
Y ±aαβ Îaβα

−1
V aα×α = ±V aα×αΛaα×α

Y ±aαβ = ±ÎaαβW
a
β×βΛaβ×βW

a
β×β

−1Na
βα
−1Îaαβ ⇒

(122)
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We know that:

(A[x, y])aα = (Aabαβγ [xa−bβ , ybγ ])aα =

∞∑
b=−∞

∞∑
β,γ=0

Aabαβγx
a−b
β ybγ

(A[X,Y ])abαβγ
:::::::::::

= (Aabαδε[Xa−b
δβ , Y bεγ ])abαβγ =

∞∑
δ,ε=0

AabαδεX
a−b
δβ Y bεγ

Thus, {(A[X1, Y 1])abαβγ [X2, Y 2]}abαδε = ((Aabαδε[X1a−bδβ , Y 1bεγ ])abαβγ [X2a−bβδ , Y 2bγε])
ab
αδε

=

∞∑
β,γ=0

(

∞∑
δ,ε=0

AabαδεX1a−bδβ Y 1bεγ)X2a−bβδ Y 2bγε

=

∞∑
δ,ε=0

{Aabαδε
∞∑
β=0

(X1a−bδβ X2a−bβδ )

∞∑
γ=0

(Y 1bεγY 2bγε)}

= (Aabαδε[X1a−bδβ X2a−bβδ , Y 1bεγY 2bγε])
ab
αδε

(123)

With ε = 0, G = 0, H = 0,Y ′ = 0, fix points of the nonlinear admittance equation satisfy:

Yabαβγ [Na−b
βδ Îa−bδα

−1
Y a−bαδ , Iγε] + Yabαβγ [Iβδ,Nb

γδ Î
b
δα

−1
Y bαδ]

+Y aαβ Î
a
βα

−1
Na
αβ Î

a
βα

−1
Yabαβγ [Iβδ, Iγε] + Y aαβ Î

a
βα

−1
Cabαβγ [Îa−bβα

−1
Y ±a−bαβ , Iγε]

−Aabαβγ [Îa−bβα

−1
Y ±a−bαβ , Îbγα

−1
Y ±bαγ ]− Babαβγ [Iβδ, Iγε] = 0

(124)

We apply {W a
αξ}−1 on the left of this equation and V aαβ to the right on both terms in the square

brackets:

W−1
a
ξαY±abαβγ [Na−b

βδ Îa−bδα

−1
Y a−bαδ V, IγεV ] +W−1

a
ξαY±abαβγ [IβδV,Nb

γδ Î
b
δα

−1
Y bαδV ]

+W−1
a
ξαY

a
αβ Î

a
βα

−1
Na
αβ Î

a
βα

−1
Yabαβγ [IβδV, IγεV ] +W−1

a
ξαY

a
αβ Î

a
βα

−1
Cabαβγ [Îa−bβα

−1
Y ±a−bαβ V, IγεV ]

−W−1aξαAabαβγ [Îa−bβα

−1
Y ±a−bαβ V, Îbγα

−1
Y ±bαγ V ]−W−1aξαBabαβγ [IβδV, IγεV ] = 0

(125)

W−1
a
ξαY±abαβγ [±(V Λ)

a−b
βδ , V bγε] +W−1

a
ξαY±abαβγ [V a−bβδ ,±(V Λ)

b
γε]

+W−1
a
ξαY

±a
αβ Îaβα

−1
Na
αβ Î

a
βα

−1
Y±abαβγ [V a−bβδ , V bγε] +W−1

a
ξαY

±a
αβ Îaβα

−1
Cabαβγ [Îa−bβα

−1
Y ±a−bαβ V a−bβδ , V bγε]

−W−1aξαAabαβγ [Îa−bβα

−1
Y ±a−bαβ V a−bβδ , Îbγα

−1
Y ±bαγ V

b
γε]−W−1

a
ξαBabαβγ [V a−bβδ , IγεV

b
γε] = 0

(126)

Next, we transform Y± in the following manner:

Y±[x, y] = W Ỹ±[V −1x, V −1y] (127)
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Fig. 1 3D −model − lambda

Ỹ±abαβγ [±(Λ)
a−b
βδ , Ibγε] + Ỹ±abαβγ [Ia−bβδ ,±(Λ)

b
γε]± ΛξαỸ±abαβγ [Ia−bβδ , Ibγε]

+W−1
a
ξαY

±a
αβ Îaβα

−1
Cabαβγ [Îa−bβα

−1
Y ±a−bαβ V a−bβδ , V bγε]

−W−1aξαAabαβγ [Îa−bβα

−1
Y ±a−bαβ V a−bβδ , Îbγα

−1
Y ±bαγ V

b
γε]−W−1

a
ξαBabαβγ [V a−bβδ , IγεV

b
γε] = 0

(128)

Ỹ±abαβγ =
1

±iλaα ± iλa−bβ ± iλbγ
(−W−1aξαY ±aαβ Îaβα

−1
Cabαβγ [Îa−bβα

−1
Y ±a−bαβ V a−bβδ , V bγε]

+W−1
a
ξαAabαβγ [Îa−bβα

−1
Y ±a−bαβ V a−bβδ , Îbγα

−1
Y ±bαγ V

b
γε] +W−1

a
ξαBabαβγ [V a−bβδ , IγεV

b
γε])

ab
αβγ

(129)

VIII. Boundary Conditions for an infinite Helical duct oulet

We begin by considering the linear forms of equation eq98:

u
p


′

=

−G −M
N H


u
p

 = L

u
p

 (130)

u
p


′′

= L2

u
p

 =

−(G2 −MN) (GM −MH)

(HN −NG) (H2 −NM)


u
p

 (131)

This equation can be solved by u =
∑
vui e

λis and p =
∑
vpi e

λis, similarly, we have:

{

vui
vpi

 , λi} = eig(L) (132)

{

vui
vpi

 , λ2i } = eig(L2) (133)
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IX. Open Ducts

X. Separating the Ψ intergrals into radial and angular parts

With
∫ 2π

0
eimφe−imθdθ = 2π, ψαmµ(r) = CαmµJm(

j′mµr

h )eimφ,we have:

Cαmµ =
(i)m√

(πh2(1− m2

j′2mµ
)J2
m(j′mµ))

exceptfor : Cα01 =
1√
πh

(134)

ψαmµ(r) = CαmµJm(
j′mµr

h
)eimφ (135)

By normolization, h is not bother the equation of I,:∫ h
0
C1C2J1J2rdr =

∫ 1

0

C#
1

h
C#

2

h J1(j′1z)J2(j′2z)zhhdz =
∫ 1

0
C#

1 C
#
2 2J1(j′1z)J2(j′2z)zdz.∫ h

0
C1C2C3J1J2J3rdr =

∫ 1

0

C#
1

h
C#

2

h
C#

3

h J1(j′1z)J2(j′2z)J3(j′3z)zhhdz =

1
h

∫ 1

0
C#

1 C
#
2 C

#
3 2J1(j′1z)J2(j′2z)J3(j′3z)zdz.

Which this derivation could be used to simplify the code.

Ψ[α](β)γ [r(1− κrcosφ)] =

∫ 2π

0

∫ h

0

[
∂ψα
∂r

][
∂ψβ
∂θ

]ψγ [r(1− κrcosφ)]drdθ

= X[α]βγ [r]Θα(β)γ − κX[α]βγ [r2]Θα(β)γ [cosφ]

(136)

with:

X[α]βγ =

∫ h

0

d

dr
(CαmµJm(

j′αmµr

h
))CβnvJn(

j′βnvr

h
)CγkwJk(

j′γkwr

h
)dr

Θα(β)γ =

∫ 2π

0

eimφ
d

dθ
(einφ)eikφdθ

(137)

Bessel function recurrence relations are:

Jm−1(x) + Jm+1(x) = 2m/xJm(x)

Jm−1(x)− Jm+1(x) = 2J ′m(x)

(138)

we can have:

2Jm+1(x) = 2m/xJm(x)− 2J ′m(x)→

J ′m(x) = m/xJm(x)− Jm+1(x)

(139)
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X[α]β [r] =

∫ h

0

d

dr
(CαmµJm(

j′αmµr

h
))CβnvJn(

j′βnvr

h
)rdr

=

∫ h

0

j′αmµ
h

Cαmµ [
m

j′αmµr/h
Jm(

j′αmµr

h
)− Jm+1(

j′αmµr

h
)]CβnvJn(

j′βnvr

h
)rdr

= CαmµCβnv

∫ h

0

[mJm(
j′αmµr

h
)−

j′αmµr

h
Jm+1(

j′αmµr

h
)]Jn(

j′βnvr

h
)dr

(140)

The Θ intergrals can be calculated analytically:

Θαβ =

∫ 2π

0

eimφeinφdθ =


0

2π,m+ n = 0

= 2πδm,−n (141)

With Euler’s equation:

eix = cosx+ isinx

cosx = [eix + e−ix]/2

sinx = [eix − e−ix]/2i

(142)

Θαβ [cosφ] =

∫ 2π

0

cos(θ − θ0)eimφeinφdθ = 1/2

∫ 2π

0

[ei(θ−θ0) + e−i(θ−θ0)]eimφeinφdθ

= 1/2

∫ 2π

0

ei(θ−θ0)eimφeinφdθ + 1/2

∫ 2π

0

[e−i(θ−θ0)]eimφeinφdθ

= πe−i(1+m+n)θ0δm,−n−1 + πei(m+n−1)θ0δm,−n+1

= πδm,−n−1 + πδm,−n+1

(143)

Θ(α)β =

∫ 2π

0

∂

∂θ
(eimφ)einφdθ = 2πimδm,−n (144)

Θ(α)β [cosφ] = im[πδm,−n−1 + πδm,−n+1] (145)

Θαβγ =

∫ 2π

0

eimφeinφeikθdθ = 2πδm,−n,−k (146)

Θαβγ [cosφ] = 1/2

∫ 2π

0

[ei(θ−θ0) + e−i(θ−θ0)]eimφeinφeikθdθ = πδm,−n,−k−1 + πδm,−n,−k+1 (147)
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Θαβγ [sinφ] = 1/(2i)

∫ 2π

0

[ei(θ−θ0) − e−i(θ−θ0)]eimφeinφeikθdθ = −i[πδm,−n,−k−1 − πδm,−n,−k+1]

(148)

Θ(α)βγ = im

∫ 2π

0

eimφeinφeikφdθ = 2πimδm,−n,−k (149)

Θ(α)βγ [cosφ] = 1/2

∫ 2π

0

[ei(θ−θ0) + e−i(θ−θ0)]eimφeinφeikθdθ = im[πδm,−n,−k−1 + πδm,−n,−k+1]

(150)

We also have:

Ψ{α}β = X{α}βΘαβ + XαβΘ{α}β (151)

with:

X{α}β =

∫ h

0

d

ds
(Cαmµ(s)Jm(

j′αmµr

h(s)
))CβnvJn(

j′βnvr

h
)dr

=

∫ h

0

[(
dCαmµ(s)

ds
)Jm(

j′αmµr

h(s)
) + CαmµJm(

j′αmµr

h(s)
)
−j′αmµr
h(s)2

dh(s)

ds
]CβnvJn(

j′βnvr

h
)dr

=

∫ h

0

[(
d 1
h(s)

ds
)Cαmµ(s)Jm(

j′αmµr

h(s)
) + CαmµJm(

j′αmµr

h(s)
)
−j′αmµr
h(s)2

dh(s)

ds
]CβnvJn(

j′βnvr

h
)dr

=

∫ h

0

[(−h
′(s)

h
)Cαmµ(s)Jm(

j′αmµr

h(s)
)− Cαmµ

∂

∂r
(Jm(

j′αmµr

h(s)
))
h′(s)

h
r]CβnvJn(

j′βnvr

h
)dr

= −h
′

h
(X[α]β [r] + Xαβ)

(152)

X{α}β [r] =

∫ h

0

d

ds
(Cαmµ(s)Jm(

j′αmµr

h(s)
))CβnvJn(

j′βnvr

h
)rdr

=

∫ h

0

[(
dCαmµ(s)

ds
)Jm(

j′αmµr

h(s)
) + CαmµJm(

j′αmµr

h(s)
)
−j′αmµr
h(s)2

dh(s)

ds
]CβnvJn(

j′βnvr

h
)rdr

=

∫ h

0

[(
d 1
h(s)

ds
)Cαmµ(s)Jm(

j′αmµr

h(s)
) + CαmµJm(

j′αmµr

h(s)
)
−j′αmµr
h(s)2

dh(s)

ds
]CβnvJn(

j′βnvr

h
)rdr

=

∫ h

0

[(−h
′(s)

h
)Cαmµ(s)Jm(

j′αmµr

h(s)
)− Cαmµ

∂

∂r
(Jm(

j′αmµr

h(s)
))
h′(s)

h
r]CβnvJn(

j′βnvr

h
)rdr

= −h
′

h
(X[α]β [r2] + Xαβ [r])

(153)
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X{α}βγ =

∫ h

0

d

ds
(Cαmµ(s)Jm(

j′αmµr

h(s)
))CβnvJn(

j′βnvr

h
)CγkwJn(

j′γkwr

h
)dr

=

∫ h

0

[(
dCαmµ(s)

ds
)Jm(

j′αmµr

h(s)
) + CαmµJm(

j′αmµr

h(s)
)
−j′αmµr
h(s)2

dh(s)

ds
]CβnvJn(

j′βnvr

h
)CγkwJn(

j′γkwr

h
)dr

=

∫ h

0

[(
d 1
h(s)

ds
)Cαmµ(s)Jm(

j′αmµr

h(s)
) + CαmµJm(

j′αmµr

h(s)
)
−j′αmµr
h(s)2

dh(s)

ds
]CβnvJn(

j′βnvr

h
)CγkwJn(

j′γkwr

h
)dr

=

∫ h

0

[(−h
′(s)

h
)Cαmµ(s)Jm(

j′αmµr

h(s)
)− Cαmµ

∂

∂r
(Jm(

j′αmµr

h(s)
))
h′(s)

h
r]CβnvJn(

j′βnvr

h
)CγkwJn(

j′γkwr

h
)dr

= −h
′

h
(X[α]βγ [r] + Xαβγ)

(154)

Θ{α}β =

∫ 2π

0

∂

∂s
(eimφ)einφdθ = −im

∫ 2π

0

∂θ0(s)

∂s
eimφeinφdθ

= −τΘ(α)β = −τ2πimδm,−n

(155)

Θα{β} = −τΘα(β) = −τ2πinδm,−n (156)

Similarly,

d

ds
(Ψαβγ [r]) =

d

ds
(Xαβγ [r])Θαβγ

(157)

d

ds
(

∫ h(s)

0

f(r, s)dr) =

∫ h(s)

0

∂

∂α
f(r, s)dr +

dh(s)

ds
f(h(s), s) (158)

with

d

ds
(Xαβγ [r]) = X{α}βγ [r] + Xα{β}γ [r] + Xαβ{γ}[r]

+h′h[Cαmµ(s)Jm(
j′αmµr

h(s)
)CβnvJn(

j′βnvr

h
)CγkwJn(

j′γkwr

h
)]|h

= −h
′

h
(X[α]βγ [r2])− h′

h
(Xα[β]γ [r2])− h′

h
(Xαβ[γ][r2])− 3

h′

h
Xαβγ [r])

+h′hCαmµ(s)Jm(j′αmµ)CβnvJn(j′βnv )CγkwJn(j′γkw)

(159)
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Fig. 2 Θ

Fig. 3 XΘ
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Fig. 4 Ψ
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A. Example for matlab simulation

B. Example for matlab simulation

C. Example for matlab simulation

Fig1 : Ψαβ [r] = Xαβ [r]Θαβ :=

∫ h

0

rCαmu(s)Jm(
j′αmur

h
)Cβnv (scc)Jn(

j′βnvr

h
)dr(2πδm,−n)

Fig2 : Ψαβ [rcosφ] = Xαβ [r]Θαβ [cosφ] :=

∫ h

0

rCαmuJm(
j′αmur

h
)CβnvJn(

j′βnvr

h
)dr(πδm,−n−1 + πδm,−n+1)

Fig3 : Ψαβ [r2cosφ] = Xαβ [r2]Θαβ [cosφ] :=

∫ h

0

r2CαmuJm(
j′αmur

h
)CβnvJn(

j′βnvr

h
)dr(πδm,−n−1 + πδm,−n+1)

Fig4 : Ψαβ [r2sinsφ] = Xαβ [r2]Θαβ [sinφ] :=

∫ h

0

r2CαmuJm(
j′αmur

h
)CβnvJn(

j′βnvr

h
)dr(−i(πδm,−n−1 − πδm,−n+1))

Fig5 : Ψ(α)β [r] = Xαβ [r]Θ(α)β :=

∫ h

0

rCαmuJm(
j′αmur

h
)CβnvJn(

j′βnvr

h
)dr(2πimδm,−n)

Fig6 : Ψ{α}β = X{α}βΘαβ + XαβΘ{α}β

X{α}β := −h
′

h
(X[α]β [r] + Xαβ)

X[α]β [r] :=

∫ h

0

r
d

dr
(CαmµJm(

j′αmµr

h
))CβnvJn(

j′βnvr

h
)dr

Θ{α}β =

∫ 2π

0

∂

∂s
(eimφ)einφdθ = −τ2πimδm,−n

(160)

XI. Tensors in matlab for numerical simulation

A. Tensor times vectors: A×̄nu

Let A be a tensor of size I1 × I2 × ...× IN , u be a vector of size In.

We have:

ttv(A, {u}, [n]) = (A×̄nu)(i1, ..., in−1, in+1, ..., iN )

In∑
in=1

A(i1, i2, ..., iN )u(in)

(161)

ttv(Am×n, {um×1}, [1]) = Am×n×̄1um×1 = ATm×num×1

ttv(Am×n, {vn×1}, [2]) = Am×n×̄2vn×1 = Am×nvn×1

(162)

Property:
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ttv(A, {u, v}, [m,n]) = A×̄mu×̄nv

= ttv(ttv(A, {u}, [m]), {v}, [n− 1]) = (A×̄mu)×̄n−1v

= ttv(ttv(A, {v}, [v]), {u}, [m]) = (A×̄nv)×̄mu

(163)

Multiplication with a sequence of vectors

β = A×̄1u
(1)×̄2u

(2)...×̄Nu(N) = A×̄u

like : ttv(X, {A,B,C,D}) = ttv(X, {A,B,C,D}, [1234]) = ttv(X, {D,C,B,A}, [4321])

(164)

Multiplication with all but one of a sequence of vectors

b = A×̄1u
(1)×̄2u

(2)...×̄n−1u(2)×̄n+1u
(2)...×̄Nu(N) = A×̄−nu

like : X = tenrand([5, 3, 4, 2]);

A = rand(5, 1);B = rand(3, 1);C = rand(4, 1);D = rand(2, 1);

Y = ttv(X, {A,B,D},−3) = ttv(X, {A,B,C,D},−3)

(165)

B. Tensor times matrix (ttm): A×nu

Let A be a tensor of size I1 × I2 × ...× IN , U be a matrix of size Jn × In.

We have:

ttm(A, {U}, [n]) = (A×nU)(i1, ..., in−1, jn, in+1, ..., iN )

In∑
in=1

A(i1, i2, ..., iN )U(jn, in)

like : X = tensor(rand(5, 3, 4, 2));A = rand(4, 5);

Y = ttm(X,A, 1) = ttm(X, {A,B,C,D}, 1) = ttm(X,A′, 1,′ t′)

(166)

Matrix Interpretation

ttm(Am×n, {UTm×k}, [1]) = A×1 U
T = UTA

ttm(Am×n, {V Tm×k}, [2]) = A×2 V
T = AV

ttm(A, {U, V }, [1, 2]) = UAV T

(167)
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Y = ttm(X,A,B,C,D, [1234]); % < −− 4− waymutliply.

Y = ttm(X,D,C,B,A, [4321]); % < −− Sameasabove.

Y = ttm(X,A,B,C,D); % < −− Sameasabove.

Y = ttm(X,A′, B′, C ′, D′,′ t′)% < −− Sameasabove.

Y = ttm(X,C,D, [34]); % < −−XtimesCinmode− 3Dinmode− 4

Y = ttm(X,A,B,C,D, [34])% < −− Sameasabove.

Y = ttm(X,A,B,D, [124]); % < −− 3− waymultiply.

Y = ttm(X,A,B,C,D, [124]); % < −− Sameasabove.

Y = ttm(X,A,B,D,−3); % < −− Sameasabove.

Y = ttm(X,A,B,C,D,−3)% < −− Sameasabove.

(168)

Property

ttm(A, {u, v}, [m,n]) = A×mu×̄nv

= ttm(ttm(A, {u}, [m]), {v}, [n]) = (A×mu)×nv

= ttm(ttm(A, {v}, [v]), {u}, [m]) = (A×nv)×mu

(169)

C. Tensor times tensor (ttt): < A,B >

Let A and B be a tensor of size I1 × I2 × ...× IN .

< A,B >=

β =

I1∑
i1=1

I2∑
i1=1

...

IN∑
i1=1

A(i1, i2, ..., iN )B(i1, i2, ..., iN )

(170)
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X = tensor(rand(4, 2, 3));Y = tensor(rand(3, 4, 2));

Z = ttt(X,Y ); % < −−OuterproductofXandY.

size(Z)

Z = ttt(X,X, 1 : 3)% < −− InnerproductofXwithitself.

Z = ttt(X,Y, [123], [231])% < −− InnerproductofXY.

Z = innerprod(X, permute(Y, [231]))% < −− Sameasabove.

Z = ttt(X,Y, [13], [21])% < −− ProductofXY alongspecifieddims.

(171)

XII. model of helical duct

A. w

The duct is described by its centreline q(s) at arclength s from the inlet of the duct adn the

radial distance from the centreline h = h(s). The general position vector (x) in the duct is given in

terms of (s, r, θ):

x = q(s) + rcos(θ − θ0)n̂ + rsin(θ − θ0)b̂ (172)

where n̂ = n̂(s) is the normal to the centreline and b̂ = b̂(s) id the binormal given by b̂ = t̂× n̂

for the tangent to the centreline t̂ = t̂(s). The vector n̂,b̂ and t̂ are related by the Frenet-Serret

formulas:

dq̂
ds

= t̂,
dt̂
ds

= κn̂,
dn̂
ds

= −κt̂ + τ b̂,
db̂
ds

= −τ n̂ (173)

where κ = κ(s) is the local curvature of the duct and τ = tau(s) is the torsion. Here, intorduce
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θ′0 = τ , the cross-term differentials vanish and the metric reduces:

dx = d(q(s)) + d(rcos(θ − θ0)n̂) + d(rsin(θ − θ0)b̂)

= t̂ds+ drcosφn̂− rn̂sinφ(dθ − τds) + rcosφ(−κt̂ + τ b̂)ds

+drsinφb̂ + rb̂cosφ(dθ − τds) + rsinφ(−τ n̂)ds

= t̂(1− κrcosφ)ds+ n̂(drcosφ− rsinφdθ) + b̂(drsinφ+ rcosφdθ)

(174)

Thus,

dx · dx = (1− κrcosφ)
2
ds2 + (drcosφ− rsinφdθ)2 + (drsinφ+ rcosφdθ)

2

= (1− κrcosφ)
2
ds2 + dr2 + r2dθ

(175)

As a result, we have an orthogonal coordinate system and as such do not need to distinguish

between covariant and contravariant bases.

XIII. funm-Evaluate general matrix function

https://ww2.mathworks.cn/help/matlab/ref/funm.html

XIV. mtimesx-does a matrix multiply of two inputs

mtimesx is a fast general purpose matrix and scalar multiply routine that utilizes BLAS calls

and custom code to perform the calculations. mtimesx also has extended support for n-Dimensional

(nD, n > 2) arrays, treating these as arrays of 2D matrices for the purposes of matrix operations.

"Doesn’t MATLAB already do this?" For 2D matrices, yes, it does. However, MATLAB does

not always implement the most efficent algorithms for memory access, and MATLAB does not

always take full advantage of symmetric cases. The mtimesx ’SPEED’ mode attempts to do both

of these to the fullest extent possible. For nD matrices, MATLAB does not have direct support for

this. One is forced to write loops to accomplish the same thing that mtimesx can do faster.

Examples:

C = mtimesx(A,B)%performsthecalculationC = A ∗B

C = mtimesx(A,′ T ′, B)%performsthecalculationC = A.′ ∗B

C = mtimesx(A,B,′G′)%performsthecalculationC = A ∗ conj(B)

C = mtimesx(A,′ C ′, B,′ C ′)%performsthecalculationC = A′ ∗B′

(176)
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