Note:Governing Euqations of General 3D duct flow

Email: jiaqi wang@sjtu.edu.cn

I. Hard-walled cylinderical ducts as basis function

A. Infinite straight duct mode

We began from the Helmholtz equation:
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Using separation of variables, Circular symmetry: modes have the from :

Then we have:
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We assume that:

Due to periodicity, we require that ® satisfy,

d? .
dTC; = —m2G — ®(h) = eF™m?

Thus, we have
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Circular symmetry ¢ = F(r)G(0): modes explicitly given by:
W =Jn (amur)eiime

Hard walls:



Soft walls without flow:

Zotmpdy, (@mpR) = —iwpo T (@muR) = mp(Z) (7)

Soft walls with flow:

Zotmp ! (QmpR) = (W = Ugkimp) I (Qmp R) = 0ty (2) (8)

A complete solution may be writtern as:

P = 30 S (A5 1 B ), (1) (9)

m=—oo u=1

In a hard-walled duct Umue_“”e are orthogonal. Normalise such that:
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Source expansion If p(0,¢,6) = po(r, ) is source in hard-walled duct, then for x>0
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m=—o0 pu=1
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m=—o0 pu=1
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and By, = 0. The same for z < 0 with A,,,, and B,, interchanged.
A finite number of modes (cut-on modes) survive at large distrances. Just 1 mode if kR«1: only

Ap1 important.

B. General duct mode
The pressure and velocity can now be expressed as Fourier series. Upper indices shall be used

to denote temporal decompositions:



a — i Ua (X)e—lawt
a:c;oo (12)
7= Z Ve (X)efzawt
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P = Z a,,m( )%w S, T, 9 Z Z a,w wamu (5 T, 9)
a=0 m=—oo u=1
U= US (5)a,, (5,100 = D> Y UL (5)a,,(s,7,0)
a=0 m=—o0 pu=1 (13)

o0 o0

Z o (g (5,7,0) = Y D VE (s)ta,, (5,7,0)

m=—o0 pu=1

Z o (8)Va,, (8,7,0) Z Z o (8) Ve, (8,7,0)
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1. Discussion of property of v

In Jams’s thesis, 1, = C, (j’?—L‘LT)cos(md) —¢&m/2).As he mentioned, it was merely a matter

—
of preference - I find it easier to visualise the modes as being "symmetric" and "anti-symmetric"

along the plane of torsion free ducts, but the other method is equally as valid.

However, there still a problem, which may cause error, but is not mentioned in the thesis:

w,m # 0
27
/0 cos(me — En/2)%d0 = - +COS(2;W_§W) =2 m=0,6=0 (14)
0,m=0,{=1

In the note, we try to introduce the common solution of 1) may have the form the same as the

hard walls modes:
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where may be normalized according to:
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C. Normalised Modes— C

In fact, we know that:
2m
/ eMmeeime gy = ()
0
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The orthogonality relation of Bessel function, with J_,,(2) = (—=1)™J,,(2)
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That changes our idea of normalization to:
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Relation involving intergrals:

2/a2me(a:c)2dx = (®2? — m?)J(ax)? + o?22 T, (ax)?

h
— 2/ Px Ty (ax)de = [(a?2? — m?) T (ax)? + o222 T! (ax)?]|}
0
= [(a®2? = m?)Jp(ax)? + o222 T (ax)?]|n — [(o?2? — m?) T, (ax)? + 222 T! (ax)?]|o
= [(a®*h? — m?) T (ah)? + &*h2 ! (ah)?] — [(@?0? — m?) ], (a0)? + a20%T! (a0)?]

= («?h? = m?)J,,(ah)? + a2h2J! (ah)?
( m

With hard-walled boudary condition:

jm,u

I (ah) =0 = apy, = A

(eigenvalues)

Then, we have(ref: Rienstra-Fundamentals of Duct Acoustics-(55)):
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Thus, with fo% emoe=mldh = 2, gy, (1) = Ca,, Jm(j"%r)eim‘b,we have:

im
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e a2 (1 = ) g2 ()
\/(7T ( j m“) m(j mp,)) (23)
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except for : Cy,,

for [ [ e, 0, AP0 = 6,100, = dag = 1.

D. Slowly varying ducts

waiting for updating......

E. Orthogonal-eigenvector

ref:https:
www.mathworks.com /help/matlab/ref/eigs.html

Eigenvectors, returned as a matrix. The columns in V correspond to the eigenvalues along the
diagonal of D. The form and normalization of V depends on the combination of input arguments:

[V,D] = eigs(A) returns matrix V, whose columns are the eigenvectors of A such that A*V =
V*D. The eigenvectors in V are normalized so that the 2-norm of each is 1.

If A is symmetric, then the eigenvectors, V, are orthonormal.

[V,D] = eigs(A,B) returns V as a matrix whose columns are the generalized eigenvectors that
satisfy A*V = B*V*D. The 2-norm of each eigenvector is not necessarily 1.

If B is symmetric positive definite, then the eigenvectors in V are normalized so that the B-norm
of each is 1. If A is also symmetric, then the eigenvectors are B-orthonormal.

We could further study this question!!

if we can use the GramSchmidt mode as basis??

II. Mass equation

Mass consevation:

+oo
B
o Pa . a — _Pa—b . b _ a—b . Pb _ - PbPa—b 24
takP*+V - U E ( vV-U’-U V —QAmk ) (24)

b=—00

First, derivation of eql:



‘We know that:

hs =1 — krcos(¢),h,. =1, hg =71 (25)

Then,

1 a(vlhghg) + 3(1}2h3h1) + 8(v3h1h2)

V.U = ]

h1 h2h3 8’11}1 8w2 8w3 (26)
B 1 [8(U“r) n O(Vaer(1 — krcos())) n owe(1 - m‘cos(qﬁ)))]
(1 — krcos(¢))t 0Os or 00
Thus, we have the mass equation, approximate RHS by:
V- U’ = ibk P’ + o(M?)
(27)
VP = ibkU" + o(M?)
Then we have
) 1 oU)  O(Ver(l — kreos(¢))) OW(1 — krcos(¢)))
—iarP®
TRt r(1— ﬂrcos(gzﬁ))[ Os + or + 00 ]
+oo B (28)
= Y (=ibrP*P P’ — ibsU"U — ibkV PV — ibsW W — ﬂiakaP“’b)
b=—o00
The fourier harmonics are expanded as follows:
ZPB (s)s(s,m,0)
Z Ug(s)ys(s,,0)
(29)
Z Vﬁ Ys(s,r,0)
Z W§(s)ys(s,,0)
with normalized relation:
27 h .
/ / Yapprdrdd = dap (30)
0o Jo

Reorganize the eq5:

—icmP“(l _ KT‘COS(¢)) + la(Uar) + }a(VaT(l - HTCOS((b))) + la(W“(l — K;?"COS((b)))

r 0Os r or r o7}
+oo B
= (1= krcos(¢)) Y (—ibeP* "P" —ibpU* U — ibkV VP — ibsW* "W — ﬂz'a/d?"Pa*b)
b=—o00

(31)

Intergal and insert eq 6, 7 into eq 8:



1. the first term:
27 rh
/ / Yar|—iak(l — krcos(¢)) P drdf
o Jo

oo 27 h
— o 1— drd0P§
wliﬁz_%/o /0 Yatppr[(1 — krecos(¢))]drdd Pg

= —iakWap(r(1 — Kcos(¢))] P§
(summationconvention)

2. the second term:

From 1.1 as example, we know that

27 rh )
/ / —[rU*~ U pq]drdd
0 0 85
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:/%/h (ngrdﬁ—/%/ MUgdrda
/%/ %wﬁ drdoUs /Zﬂ/ Vpr

o0 b 2 dh
23*/ / [YatarUg]drdo — Z/ %WTUB]T ndf

27

d N
= £(Ug(5a5) + O(periodic) — Wy 5(r|U§

(32)

(34)

mark:0(periodic),which is similar in the follow momentum equation, but not eliminate in time.



3. the third term:

o rh (1 — Kreos
[ [ Ao
o Jo

o0 27 h
S [ [ A et gy
B=0

_ o haWaZ/JBT(l—Iircos((b))) " 2m ph O(tb) )
_/0 /0 B drdoV _/0 /0 Ypr(l — krcos()) 9 drdfVy

(36)

= O(periodic) — Wy3[r(1 — krcos(¢))|V4

4. the fourth term:

o rh 19(Wa(1 — krcos(e)))
/0 /O orlk = Jdrdd

X, 2 oh 0 1 — kreos
— Z A /0 1/@[ (1/’5( 59 (¢))) ]drdGWE
B8=0

M 0(ats(1 — Krcos(¢))) . 2m rh O(the) .67
_/O /0[ 20 ]drdHWﬂ—/O /0 (1 — Kkreos(9))] 50 |drdoWg

_ " 27 a o " a(wa) a
_/0 [Vatp(1 — Kreos(¢))]g" dr —/0 /0 (1 — Kkreos(9))] 50 |drdoWg

=0— Yyl - m‘cos((b))]Wg

5. the RHS term:
—+o00

2A

2 h
B
/ / Yar[(1 — krcos(@)) Z (—ibk P PP — ibkU U — ibkV OOV — ibk W PWb — —jak PP P20
o Jo

b=—00

)]drdd

oo 00 27 h
=23 [ [ vesvnr(a — srcos(@)iras

B=0~=0
+oo
Y
b=—o00

—+oo
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B
> (—ibkPy PPy — ibkUG UL — ibk Vi~V — ibsW§ "W — iak—P§~"P})

o0 oo B
=) Wapy[r(1 - kreos(¢))] Y (—ibkPg " P — ibkUS UL — ibkVE VY — ibs W~ "W —iak — P§~"P?)

o
B=0~v=0 b=—o00
(38)

Finally, we obtain the mass equation in the form of eigenfunction, the idea is same as Galerkin

method:

dU¢ .
sﬁ 0aB — \I'{Q}B[T]Ug —tar¥ap[r(l — Acos(qﬁ))}Pg — \I/[aw[r(l — m*cos(gb))]V[? - \II(Q)B[(l - nrcos(qﬁ))}Wﬁ

+oo
B
_ - a—b pb . a—br7b . a—bysb . a—byysb . a—b pb
= U,op,[r(1 — Krcos(9))] b_g_ (—ibkPg" Py —ibsUg Uy — ibkVg ™ V) — ibs W™ W) — zaHﬂPﬁ P?)
(39)
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III. Momentum equation

Momentum consevation:

oo
—iarU* + VP* = Z (_Ua*b .vU? + Pa—bVPb) (40)
b=—00
First, we know that
L of ¢ ) ) 19pe
VP® = — ;= e 2 Z o
Zh,;aw,; © T 1 krcosp 0s és + g er—i-r 50 ¢ (41)
The RHS term is a bit complex, with the divergence of a vector U with its gradient, with
First, we know that
b 9 P b 5 9
terml: Dof + i (1 5¢; — vagel) + i (e — 02 5e))
. b= 5 oh oh i oh ok
(v V)V’ = term?2 - Dvg + h;’ZZ) (U28T§ - 1)3675:) + hqj;Lg (UQT&Q _ UlaT;) (42)
b b
term3 Dok + ot — )+ ek )
Besides,
vy 0 vy O vy O (13)

=t
hi & hy 0& | hy &

Thus, we have:



7Ua_b . VUb —

L _uett out a—baU® | we=b Ut
termD1 : 1—krcos¢p 0Os +V or + T 00

o0
- LUttt avt a—baV® | wet ov?
D | termD2: LTS AL L veb ol

b ™ 00
=—00

LUttt ow? a—bOW® | Wb aw?

termD3 : 1—krcosp Os +V or r o0

. VP a—b0(1—krcosp)  1ra—bodl we a—bd(1—krcosd)  tra—bdr
termX1 : T—rrcosd U or Vamlel) + TA=rrcosd) U 55 ye-bar)
o0
- WP (ya—bOl _pra=bory U (ya—bdl _ rra—bO(l-rrcosd) -
bz term&2: T (V 00 w ar) + (1—krcosep)l (V Os U or )
= —0C
.U (ya—bdhs _ pa—b@(=rrcosd)y | V' cprra—bdhy _ yya—bdl
term&3 : q—ayy W5 = U Sy 4 Y (Wb dhs _ yrabal)
. vt au’ a—bdU® _ Wb gut
termD1 : — s s — VO e — %8
o0
. vt av® a—bdVP  weTb gyt
> termD2: —— s s — Ve — T %
b=—o00
LUt ow’ a—bOW® _ Wb gwb
termD3 : — 1—krcos¢ Os 4 or r o0

termX1 : —£eosé_pra=byb _ %U“_bwb

1—rrcos¢ 1—krcos¢

oo
a—b b
+ > termX2 ; WIW2 o weosdqra=byy
b=—00
. ing —brrb _ we—byt
term)(?).%Ua Ut - WV
(14)

Finally, we could derive the momentum conservation equation, with final term approximate by

eq 4:

4 a _ 1 op°
iakU*" + 1—krcos¢ Os
_g a op“®
1akV® + -

—jarWe + L2p

r 00
L__uet aut a—baU® _ waTb gut
termD1 : " 1—krcos¢ 0s 14 or r o0
o
= E . ue—b vt a—bdV® _ webavh 45
\ termD2: — = s s VO e — T (45)
=—00
termD3 : ——U"" _OW’ _ y,a—boW® _ Wb oW’
! 1—krcos¢p Os or r Bl

termX1 - —fcosé rra—bysb _ ___ksing _rra—byyrb

; —byrrb
1—krcosp (1—~rrcosd) Wbk P*~°U
e o]
a—b b _ . _
+ Z termXx2 : W Vo (lfs;’jfw) vebyb + Z ibk PO~bVb
b=—o0 b=—o0
termX3 : %U“ibUb — w ibk PO—bTyP

Now, we are going to project on 1, it may be a little complex, we will doing step by step.
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A. Momentum e’ term

First, deal with the e® term:

—tarU® + #@
1 — krcosgp Os
uet o’ apOUP Wt ouP
b—z termD1 : 1 m“cos¢ ds -V o r 00
= (46)
KCOS$ b KSing .
Xl: ———U*° ety
" bgoo ferm 1- ’WCOSQf’U v (1 — krcose) vtw
+ibeP*U°
Multiply (1 — krcos¢), we have:
opP°
—q ]_ _ a
iak(l — krcosg)U® + e
- b b a—b 977b
= termD1 : b;m fU'kbaa% - (1- nrcos¢>)Va7b—aaU7: — (1 — kreosd) WT 78(%
= (47)
+termX1 : Z keosdU VP — ksingU* Wb+
b=—o0
termP1 : Z ibk(1 — krcosg) P PU®
b=—o00
| [ XXripadrdd, we have:
2m h
RHS = / / [termD1 + termX'1 + termP1|ripodrdd (48)

1. the first D1 tems:

We ref the wiki https :
en.wikipedia.org/wiki/Leibniz _integral _rule

General form: Differentiation under the integral sign:

d b(ac)

b(x)
UL @ = fe @) - o) + @) @) = [ Lfna @)

a(x)

0F 4 1+ 9L g, (50)

d,
= or dy

For partial difference, for a given 3, the derivation of the fucntion g(«) = f;(f)) f(z,a)dx is

d b(B) da(a) b8 9
) e —o+ G a0 = [ st ey 61)
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1.1

[rU* U, |drdd

bioo /O 7 / U pOU” wadrde
27
> -
/ / [rU* ) drdf

Ua*bUbwa]T:hde

27
/ / [rU* U, |drdd + /

2 h a—b

n / / POV b didd
0 0 65
2 h

+ / / %TU“’bUbdrdH
0 0 88

b—7a>

(52)

here, we gives a relationship between U® and V* at the boundary which to dliminate V¢ tems:

WU = (1 — kheosp)V?

1.2

2w rh
Z / / (1 — Kreosp)Ver baU ]rwadrde

b=—0o0
27 _ a—byTb
_ Z / / r(1 — krcosg)Ve—U wa)drd@
b=—0o0 or
27 h _ a—b
+/ / Ub@(r(l krcosd)V wa)drd@
or
27
=— Z / (1 — krcosd) Ve lU ), hdb
b=—0c0 0
2o rh 9(r(1 — kreosg)VeP)
+ / / Ul VYo drdf
0 0 37‘

27 rh
+/ / Uer(l — krcosg) Ve bdrdd
o Jo or

=— Z /27r hR' U~ U)o ]y d6

b=—00
(1 — Kkreosg)Veb)
or

2
+

Yodrdd

(1 — Kkrcosd) Ve drdd

[
e
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1.3

27 wa— b b
Z / / (1 — Kreose) . 8U ]rwadrdﬁ

b=—o00

B i /27T ha(( l—m’cosqﬁ YWe=bU )
o Jo

drdf

b=—o0

2w rh a—b
+/ Uba nrcosd))W )wadrdﬁ
o Jo

T h
+/2 / Uba Va) (1 — krcosg)We=b)drdd

06
=- Z / [(1 = Krcosg)We=lU ), )2 dr (55)

b=—00

2 a—b
/ / Uba m"cosd))W )wadrdﬁ
2

+/ / Ubaia((l — Krcosd) W) drdf

27 a—b
O(periodic) + / / Uba 'WCOS(Z))W )wadrdH

2m
+/ / Ubaia((l — krcosg) W) drdf

Combine together:

2m h e
/ / [termD1|riadrdd = Z
0 b=—o00
27 a¢a
/ / rU*=U"drdo
27
/ / (1 — krcosd)VeUdrdd
2m

+/ / Vo) (1 = Kkrcosg)We=lUY)drdh)

o Jo 00 (56)

27 h a—b
+( / / UbaU ripodrdd
27 h o a—b
+/ / Uba r(1 m"cosgb)v )wadrdQ
o Jo

2m h o a—b
+/ / Uba ((1 m’cosgb)W )wadrdﬂ)
o Jo

2m
I a—br7rb
_88/0 /0 [rU“" U o ]drdo}

AU OVetr(1— kreos()) | (W b(1 — kreos(9)))
ds + or " a9 |

We apply eq 5, find that:

—i(a — b)rr(1 — rrcos(¢)) P~ + [

= o(M?)
(57)
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We have the second terms in eq(31) are equal to:

2m h
/ / UP[—i(a — b)kr(1 — krcos(¢)) P Jepadrdd
0 0 (58)
=i(a —b)k¥apy[r(l— m“cosqb)]Pg*bUf/

And, the longitudinal derivation s can also be expand about the duct modes, with note

[r], (0), {s}:

9 27 h
5 / / [rU= U, |drdf
0 0

a 27 o
=5/ /0 [rpy U~ Ubdrdo

a 2 h
-2 / / [rwlgwywa]drdﬁ)Ug_bUWb

et _ (59)
8U5 Ul
rwﬁwv% |drdé
2w b
- %( / / [ratpyaldrdd)Us~"U?
avg? av’ 2m
+( dﬁ U+ U / / [rbgtbytbaldrdd
2. the second X'1 tems:
termX1 : Z keospU VP — ksingU* bW
b=—o00
2m
Z / / [kcospU VP — ksingU* P WP)rip o drdf
b=—o0 (60)
= K\I/aﬁW[TCOS(ZS]Ug_bV,f — R\I/aﬁfy[rsinqﬁ]Ug_be;
3. the second P1 tems:
termP1 : Z ibk(1 — Krcosg)Pe~CU?
b=—00
> 2m h
Z / / [ibk(1 — Kkrcosd) PY~ U ripydrdf
b=—00’0 /O (61)

= bV ap4[r(1 — nrcosqS)]Pg*bUf;
4. The LHS terms:

opP?
0s

—iak(l — krcosg)U

14



From 1.1 as example, we know that

27 h a
/ / —[rU* U ] drdd
0 0 68

o h 2m
_2 / / [PU =P U q]drd) — / P b ]t
s J, o 0 ds

4.1

27 h 8 a
/ / 7 aﬁ rwadrde
0 0

2 h 8 pa 27 h
/ / wﬁ riba]drdd — / / 2w Nrigs drdopPg
0 0

" 0s /%/ (Pgtpg)riadrdd — d( ) [PEvsralr=n — /27r /Oh oy Jrippdrdd P

d =R 2m dh(s 27 h
= = (Pgoas) 7/ d( )[Pﬂqurwa I_pdf — / /
0 0 0

(=)

 \rppdrdoPs

4.2

2T h
/ / [—iak(1l — Krcosd)UC|ripadrdd
o Jo

= —iarWap(r(1 — krcosg)|Ug

15
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d
ds

Finally, putting all together becomes:

2m dh 27 h o .
—(Pg )(5 /0 %[Fgw[grwa}r:hdﬂ — /0 /0 [%]m{}gdrdﬁpg —iakWap[r(1 — Kreosg)|Ug

d R ) " 27 "
= %(Pg)&w —iarWop[r(1 — Kreosg) UG — hh’[Pﬁ Vpalr=ndd — Via15[r] Ph
0

o0

-y
b=—o00
" O

eq3l) : / rU*Udrdo
o[ [ 5

27 h
+/0 /0 8(5%)7“(1 — krcos) VAU drdd
+(eg33) : i(a — b)kWapy[r(1 nrcosqﬁ)}Pg*bUfj
) 27
eq(34) : =5 ( / / [rgipybaldrdd) U~ UL

dUg=" du’ 2
—( d‘; Ut + WUg b / / [rp gty ibaldrdd

+eq(35) : KU apy [reosg|UG VY — kUag,[rsing| U5 "WE
+eq(36) : tbrWopy[r(1 — HTCOS(ZS)}Pg*bUs
= (abbreviation) :

Uiaysy [T]Ugbeff + Uiy [r(1 — /ﬁrcosgb)]Vél*bUff + Yy (1 — m’cosd))]V[/g*bU,‘y1

+i(a — b)k¥apy[r(l — /ircosqb)}Pa_bU,l;
a a b b dUg ’ b dU’le a b
+¥asy [rcos¢]UgfbVVb — k¥agy [rsin¢]U57bW$

+ibk WU o~ [1(1 — KrCos)] PgibU,l;

(65)
with the e® term:
—iarU® + m 8;:
b;oo rermPl: =y —U:ml;s(p aalib V“*baalib _ W:*b aaU;
+b§:oo termX1 : %U“*bvb B % Lasbypt (66)

+ Z termP1 : ibk P*~tU®

b=—o0
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We have:
d R 27
—ianWas[r(1 ~ rreosd)|US + 5 (P8)3ap - /0 WA [ tbale—ndOPS — Wy 511 P8
= termD1 :W(a)p [T]US’bUﬁ + Ulagp4[r(1 — KTCOSQS)]VE%U? + V() [(1 = mrcosqb)]Wg*bUfj

+term(D1 + 'P]_) ;i(a)m\l}aﬁv[r(l _ HTCOS(]S)}Pa*bU’Z;

b
dUg Ub dU’g Ua b
ds ds )

a a—
—termD1 : :85( apy[r }U bUb Pagy[r](

HtermX1 kW o, [reosd|Us V) — kWag,[rsing|Us "W

(67)
B. Momentum e” term
Second, deal with the e” term:
—iakV* + 8;—;
- ) ovt  wa byt
= termD2: ———— _yeb -
b;oo erm 11— Krcos¢ 0s v or r 00
oo _ 68)
Wae=byyt KCOSp brrb (
t X2: - -
" b;m e r (1 — Krecosg) vt
+termP2 : Z ibk PO0V0
b=—o0
LHS-2: ap —(1 — Krcoso)
27 h pa
/ / [8 (1 — krecosd)|ripadrdd
0 0 aT’
27 h 2m h
OYa(1 — Kreosg)ripg . o (1 — Kreosd)r u
- /O /0 [ = JdrdoPs — /0 /0 [ - 45drdo P
2m h _
_ / [8¢5(1 /;rcosqﬁ)rwa]drdapg
r
0Pq m (1 — kreosd)r .
- /O /0 [ o |(1 — kreose)rigdrddPg — / / —r)]wawﬁdrdapﬁ (69)

27
:/ [WYatppr(l — lircosqﬁ)]gd@Pg
0

27 h 27
_/O /O [a;;a](l — Krcosg)ripdrdd Py — /0 /0 [1 — 2Krcosd|appdrdd Py
2m
= / [Yatppr(l — fircosqb)}gdGPg — Wlr(1 — Kreosg)| Py — Wap[l — 2K1cosd| Pg
0

The derivation of termD2 is identical to A, we are not prove it again. TermP2 also could be

combine with the part separated term of termD2 with V. TermX?2 is also easy to derive.
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Thus, we have the final equation:

—iarWap[r(1 — Kreosg)|Vy

2
/0 [Yatppr(l — m"cosqi))]gdﬁPg — Up[r(1 — krcosg)|Pg — Wop[l — 2Krcos] Py

= termD2 :¥ ) [1]U5 V' + pagay [r(1 = wreos@)[VE PV + W (ayas (1 = rreosd) W51V

+term(D2 + P2) ti(a)kVapy[r(1 — mrcos¢)]P“‘bV$

0 - U‘”’ L e
+termD2:—%(\I/a57[r]U§ V) = Wapy [r]( ds Is —LUg™)

+termX2 U, 5,1 — nrcos¢]Wg_be; — k%apy [rcosgﬁ]Ug_bUb

5
(70)
C. Momentum ¢’ term
Third, deal with the e? term:
10P®
—iakW® + =
tar + r 00
ve=t  owe 8Wb Wwe=b oW
t D a—b
b_z;oo ermD3 : 1 1— krcosg Os -V or r 00
oo . a— (71)
Ksing aebry WOV
t X3 ——F— -
+b:§_:w erm'3 (l—m"cosqb)U v r
+termP3 : Z ibk PO WY
b=—o00
.OP® (1—krcos¢
LHS-2:2P" (1=rrcosd)
m Pa (1-—
/ 8 KTCOS(b)]rwadrde
2 h 2
OYg(1 — krcosd)q “ Yo (1 — Kreos "
:/ [ V5 5 ik ]drdHPB—/ / [ Yal = ¢)}¢Bdrdepﬁ
o Jo

2m  prh 81/}& 2m 1 _ ¢ .
=0- /0 A 11— m"cos¢)1/15drd9Pﬁ / / wwa?ﬁﬁde@Pﬁ (72)

/%/

2
0o, (1 — Krcosd)ppdrdd Py + n/ / [rsing|atppsdrdd Py
o Jo

= =V (a1 - m"cosqi))]Pg — kUup [rsind)]Pﬁ
The derivation of termD3 is identical to A, we are not prove it again. TermP3 also could be
combine with the part separated term of termD3 with W°. TermX3 is also easy to derive.

Thus, we have the final equation:
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—iar¥Wag[r(1 — Kreosg)|Wg
=W (apl(1 = Krecos)| Py — k¥ g(rsing| Py
= termD2 :V,y 5, [r]Uﬁ;,l_bVny1 + Va4 [r(1 — fircosqﬁ)}V;_bef + V(s [(1 = /-ircosgi))]Wg_bWa

~

+term(D2 + P2) :i(a)w Vo, [r(1 — wrcosg)| P~ W

due=t dwb
B b Y rra—b
ds Wy+ ds Us )

+ermD2 ; — %(\Pam [MUE™V — Wags [r](

+termX2 :kWapy [rsing|UG UL — Wap, [1 — krcosgl W5V

(73)

IV. Merge the four equations and eliminate the V,Yb and W.ly’
A. V7 & WS forRHS
Using the linear relationships:

oP¢
or

ope
= / / iakVEpsriadrdd = / / g:bﬁ 1o drdd

27
. a’® a a a 0 « a
= ik Vg = Wy [r]PS = /0 [rpatbslhdOPS — //wawﬁdrdepﬁ - //—i Yrdrdd Py

akV® =

(74)
. 10Pe
iakW =0
o pe
- / / iak W aripadrdd = / / 8’3:}5 %wadrde (75)

o~

= ialin(sag = \I/a(g) [T]Pg =0-— \I/(Q)B[T]Pg
Thus, we can establish relationships between the tranverse modes and pressure modes (no

summation over a)

S 1 2m . “ u
Vidap = %[/O [rpatslidd — Vap — Viislrl] P = Vo Pl (76)
a 1 a a a
Widap = —-—V(a)pFs = WagPs (77)
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B. 4V¢ & LWSforRHS
We also require modal expressions for -V and “£W¢.

We differentiate eq71 with respect to s:

ove i@zP‘l
ds  iak OsOr (78)

= %((1 — krcosd)U®)

where we have used symmetry of mixed partials and the linear expression for % from eq 21.

From 1.1 as example, we know that

27 h o brob
/0 /O %[TU U ¢a]d7‘d‘9
o h 2
o Jo 0

here, we gives a relationship between U® and V* at the boundary which to dliminate V¢ tems:

(79)

WUG = (1 — kheosg)V§ (80)

Multiplying this expression by r¢, and integrating across section of the duct, we obtain:

27 8Va 27
/ rwadrde = / / 87” ((1 = Kreosd)U*)ripedrdf
27 h 6 Vaw 7,1)[} 27 b ’l/J
L BYB « _ TVa a
LHS := /0 /0 s drdf /o /0 99 YpdrddVy

9 [ rh . 2Trdh(5) “ , 20 b gy )
=2 /0 /0 [V arialdrdd — /0 —5 WVavsrialgdd — /O /0 5, LerdrddV;

d R 27 h/2 N
= s 5008 7/0 m[“ﬁﬁ%]edﬁ% = WiayplrVs

27 27
RHS := / / 5y (1= rrcos®)Usvgriba)drdd — / / rwa — krcos¢)Ugwadrdd
27 6wo¢

0

2m 2m
= / [r(1 — Kreosg) s thUB / 7(1 — Krcosg)sdrdfUfs — / / (1 — Krcosd)PatppdrddlUs
0 o Jo

27
= / [r(1-— mrcosq/))wgz/}a]ngUg — Upplr(l — fircosqb)}Ug — W[l — m"cos@]Ug
0
(81)

Thus, LHS=RHS, we have:

d PN 2m h/2 " "
s 30ap = A m[”ﬁ[ﬂ/a]gdmfﬁ + ViayslrVs

27
—|—/ [r(1-— Krcosqb)z/)gwa]ngUg — Upalr(1 — mrcoscﬁ)]Ug —Uus[(1— /ﬂ“COS(ﬁ)]UE
0
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Similarly for W, differentiating eq50 with respect to s and substituting the linear expression

for 86%"' by eq21:

owe 7La2pa
Os  iak 0sO0 (83)
L0 (1~ mreoss)U®)
= -3 KTCOS
Multiplying this expression by r¢, and integrating across section of the duct, we obtain
27 a 2m
/ / ow ribodrdf = / / (1 = kreosg)U*)ripadrdd
o 00
20 b OIW Ehariby] 2
LHS = Bid dlf — @ drdOW§
o [ [ [
O [ M A e g [ [ e :
= %/ /O [Wﬁwﬁrwa]drdﬂ—/o W[Wﬁwﬁm@}odﬁ—/{) /0 D5 YprdrdfWy s
d 2 dh(s) a
= Wids - / s alidOWS — W () [rIW
o 2
RHS - / / (1~ wreose)Ugusta)drde - / U adrdo

= O(periodic) — W (4)p[1 — krcosp|Ug

Thus, LHS=RHS, we have:
iy, [ .
—W8i6,5 = [1/157’1/10] dOWg + Uiayslr ]W —Uys[l - ﬁrcosqﬁ]Uﬁ = Vs rIW5 — ¥ (as(l m"cosgi)]Uﬁ

(85)

V. Substitue pressure modes for transverse velocity modes

A. mass equation

~ Vasl(1 = rreos(¢))| W5

dU¢ .
—Weyplr ]U —iarWop[r(l — mcos(¢))}Pg — Wiyplr(l — Ii’I“COS((b))]Z:ﬁa

g
LYW
ds
+o0 B
= W,p,[r(1 — Krcos(¢))] b; (—ibr Py Pl — ibkUg~ UL — ibkVy "V — ibk W5~ "W? — i Py )
(86)
Transform:
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dU§ ~
ds

50‘B = IZBuB

7\If{a}ﬁ[T]U§ = 7‘1’{(1}5[?”]11,% — g

—iakWoplr(1l — rcos(9))|P§ = Z;i% —iakVag[r(1 — keos(¢))ph — My

+oo +oo +00 +oo
Uop~y[r(1 — Kkreos(¢))] Z (—ibfin_bpé’) = Z —ibk Z Z Vapy[(1 — Kreos(¢))lps~ bpl;
b=—0o0 b=—oc0 B=0~v=0
+oo —+oo +oo 400
Uy [r(1 — Kreos(9))] Z (—ilngbeé’) = Z —ibk Z Z Vapy[(1 — Kreos(d))]ug ™ u byb
b=—00 b=—o0 B=0~y=0
—+oo —+o0 +o0 +o0o oo
Uop~y[r(1 — Kreos(¢))] Z (finVﬁa_be) = Z fibnzz Z Vase[r(1 — Kkreosg)| Vi bevpg bpb
b=—0o0 b=—o0 B=0~v=04,e=0
+oo +oo +00 +o0 o0
U o p+[1(1 — Krcos(¢))] Z (—ib/{Wg_bey’) = Z —ibmz Z Z Waselr(1 — Kkreosd) Wiy bWprZ bpb
b=—00 b=—00 B=0~v=06,e=0
“+o0 B - “+o0 “+o00 +oo
a— a—b, b
U o p4[r(1 — Krcos(¢))] Z (— za/{ﬂp PJ) = Z —za/i— Z Z Vapy[(1 — Kreos(9))lps"p,
b=—00 b=—o0 ,8 0~v=0
(87)
Here, may be a little question of transform with P, think about N ', transform it as matrix we
could solve it:
a
SlarV® = + o(M?)
//umV“(/)adrdQ = //zamqﬁaqbgdrdm/ﬁ =I0,V4 = Viapf + // rpodrdd
pe 2
“iak(l — kreosg) Ve = (1 — kreosd) 5 (1 — krecosg)o(M?)
r

//icm(l — Krcosg)V @ gardrd) = Ny Vi = // 1—m‘cos¢ rqbadrdﬁ—i—// (1 — krcosp)o(M?)drdd

ﬁa// 1- "{TCOS¢ T¢adrd9 = ( )%a aﬁvﬁ

ﬁa// 1 — krcosg)o(M?)drdd = (I~ Ba// T(ﬁadrdﬂ

22

~Yaiplr(1 — wreos(¢))]VE = 520 ~Yiags[r (1 — wreos())[Vaph — Mz + Wiajs[r(1 — kreos)|(N 1) (o(M3))

—U(al(1 - m"cos(gb))]ﬁ = Zg‘i% —Wys[(1 — nrcos(qﬁ))]wgﬁpg — M3z + Vpgs[r(1 — krcosd)|(N—1)(o(M3))

—)BQ

—>A1

—)Bg

—>B4

—>Bl



B. momentum equation I

d " 2 "
d—P5(5 ap — 1akWap[r(1 — Krcosd)|Ug —/0 Wi [hptba)r=ndfP§ — W0y 5[r] P§
+oo
Z termD1 :Wyoy 5,7 ]UB U + Va4 [r(1 — /ﬁrcosqﬁ)}Vg bU“ + U (a)p[(1 = nrcosqS)]Wg bUff
b=—00
+term(D1 + P1) ti(a)k¥apy[r(1 — f-@rcosqﬁ)]Pa_bU,ly’
0 a—byrb dUa ’ b dUb a—b
+termD1 : — %(\I}am[r])UB U = Vapy[r|(—— d U, + 75 UB )
+termX1 :Wqg.[reosplUg™ bﬁ Wapy[rsing]Ug™ bﬁ
(89)
Transform:
—iak¥Wop[r(1 — Krcosd) U5 == —iarWag[r(l — kcos(¢))ug — —N
27 2
—/ hh/[t/Jﬁ’l/)a}T:thPBa — \Il{a}ﬁ[r]Pg = —/ hh/[ﬂ)giba]r:hdgp% — \I/{a}g[r]p% = \I/{a}ﬂ[T]p% — —H
0 0
400 400 +oo
a—brra a—b, b
Uiarsy[r] Z Ug Uy = Z ZZ‘I’{a}m[T]ua Uy — Dy
b=—o0 b=—o00 =0~v=0
—+oo +oo0 400 oo oo
Wiy [r(1 — Krcosed)] Z Vﬁ‘,’*bU:Y1 = Z Z Z Z Uiaselr(l — nrcos¢)]V5§bIb7pB ul; — Cy
b=—oco0 b=—o00 =0 ~v=06§,e=0
—+o0 4o 400 oo oo
V()8 [(1 — Krecosg)] Z Wg_bU,‘y’ = Z ZZ Z V(aysel(l — kreosg)|Wig bIg,ng bub 5 —Cs
b=—o0 b=—o00 =0 v=0§,e=0
+oo  +oo +oo
1ak¥ o8~ [r(1 — Krcose)] Z Py bUf; = iak Z ZZ\IIQM — Kkrcos)|pis by 5 —Cs
b=—o0 b=—o00 B=0~v=0
8 byb = e b, b
Vagylr Z Us™Uy = ) ZZ Vapy[r)ug " uy, — Dy
b=—o0 b=—o00 B=0~= Om
- dU[‘;_b d d b — by b7 b
o] 3 (U TR = ] 3 (M) (G + (M) + (G
b=—o00 b=—0c0
+oo
= S (o FlIG T + oy T Gy, - D
b=—o0
+ Z W ][V 1] -+ Wi [7] [, M)y ™"ph, = Co 5
b=—o00

“+oo
Vs [rcosgb]Ug*bK{ — k¥ gy [rsing] Ugfb‘VE/lb ={ Z Uy [reoso][I, V] — k¥4 [1rsing) [I,W]}u:*bpg — Cs,7
- - b=—o0

(90)
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Here, little transform easy to be proved:

—+oo 400 +oo oo oo

Wiy (1 — Kreosd)] Z Vg_bU,‘Yl = Z Z Z Z Uiaselr(l — KTCOSd))]VggbIS,Yp%_bU?Y —Cy

b=—o0 b=—00 f=0~=0 6,e=0

2 Wpagps [r(L — wreos)][1, V][pG ™", w}] = Wiajs, [r(1 — wreose)][V, I)[ug ™", p3)]

—+oo +oo 400 oo oo

VU (0)p[(1 = Krcosg)] Z Wg*bUg = Z Z Z Z Uaysel(l — nrcosgb)]ngbIgvp%*bug —Cs

b=—00 b=—o00 =0 v=0 §,e=0
2 W)yl = Kreosg] (I, W] [pgfb ug] = W(py[1 — Krcosd][W, I] [ugfﬂplj{]
+oo 400 +o00 +00
1ak¥ o5, [r(1 — Kreose)) Z Pg_bUg = 1akK Z Z Z Uop~y[r(l — m‘cosqi))]p%_buz — C3
b=—0c0 b=—0o0 B=0~=0

s tak¥ o4 r(1 — kreosd)[I, I [p%_b, ui’/] = iakV o, [r(1 — Kkrcos)] [, I] [ug_b,pﬂ’/]
(91)

C. momentum equation II

—iarVag[r(1 — Kreosg)| Vg
2
—|—/ [Yatppr(l — m"cosqi))]gdﬁPg — Wpqplr(1 — /ﬂ"cosqb)]Pg —Uup[l — 2ﬁrcos¢]Pg
0
= termD2 :\IJ{Q}BV[T]Ug_be + Va4 [r(1 — mrcos@]Vﬂa—bVWa + W (a)py[(1 = m“coscé)]Wg_bVa

~

+term(D2 + P2) :i(a)k¥apy[r(1 — fircosd))]Pg*bVWb

9 a—bysb dUg_b b dVb aeb

+termX2 W,z [1 — KTCOS¢]Wg_bW3 — k¥qasy [rcoscﬁ]Ug_bUs

(92)

With:
d N 27 /2
e 3 0ap = {/0 m[”ﬂﬁwa]g‘w
27
+/0 [r(1— m"cos¢)1/151/)a]gd9 — Wiya[r(1 — Kreosg)] — Wap[(1 — m‘cosqS)]}Ug (93)

~GagVy
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Transform:

—tak¥ag[r(l — m"cosgb)]Vﬁa = fNZng“
27
{[ [Watopr(1 = srcosd)|df — Wiajslr(1 — nreoss)] — Vas[l — 2nrcoss]} Py
0

+oo +oo +oo +oo
a—b . a—bxsb . .a—b, b a—b, b
ViUV = 30 D0 > WiagaerlBis " Veus™'py = 3 Wiapey L VIug™"p — 14
b=—o00 f=0~v=0 b=—00

400 400 oo
VUia1[r(1 — Krcosg)] Va bV“ = Z ZZ\II 1se[r(1 — Kreosd)| Vg be,Yp% b b — B3
b=—o00 B=0~=0
400 +00 00
V()8 1(1 = Krcosg)] Wg~ bVWa = Z Z Z V(a)sell — krcosd|Wig bevpg bpi’/ — Bs.4
b=—o00 B=0~=0
+oo 400 oo
i(a)kWapy[r(1 — Krcosd)| Pg~ be Z Z Z’Laﬁ‘l’a& (1 — Kreosd)|Is s beA/pg b b — Bs.o
b=—o00 f=0~v=0

8 W +oo 400 o0 . B
52 (Yap [TNUE VY 1= > ZZ Vase[r]) 155 Veyug™'pl — e1a

b=—o00 B=0~v=0

2 que? dv?b
—Vapy(r] Z( (fs V“f—" dWUg b)

b=—o0

oo _q

= W] Y (0 [~(Mp)yt — (Gu) V2

b=—o0
—1 27 /2
b h
+0a | /0 m[”ﬂﬂqﬁa]o de
2m
+/ [r(1 — krcos)spaltdd — Uapr(l — Kreosg)] — agl(1 — KTCOS¢)]}U3U§7I7
0

—1
—(I, GhVUG™)
+oo 1
= 3 (Vap, 1T G, VIus ™" — €12

b=—o00

~—1
+ Z Vo [rT M, Vg *p} = Bsa
b=—o00

12

1 2
- Z Vapy[r{T / m[”ﬁﬁiﬁa)ww

b=—o0

27
+/ [r(1— nrcos¢)w5wa]gd9 — Wplr(1 — krcosg)] — Wap|(1 — Hrcosqﬁ)]}ug*bu: — Az1222423
0

+ Z U oy [F][LT GV])ug_bpf’yﬁsl_g
b=—o00
+oco 400 +o0
a—byyrb b b _a—b, b
Uopy[l — HTCOS(MWB W3 = Z ZZ\I/M;E m“cosd)]WaB Wps "py = Bss
b=—o00 B=0~v=0
400 400 +oo
—k¥ o8+ [rcosg) Ug bUg Z ZZ /i\IlagA, rcosqb]u uz — Ao s

b=—o00 f=0~v=0

(94)
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D. momentum equation III

—iarkWapg[r(1 — Krcosg)|W§
—Wasl(1 = m"cos¢)]Pg — kPqup [rsimﬁ]PE
= termD2 :V .y, [T]Ugbeif + Uiy r(1 — mrcosd))]VBa*be} + V() [(1 = nrcos¢)]W§7bW,‘Yl

+term(D2 + P2) ti(a)kWapy[r(l — /{TCOSd))]Pg_be;

due? dwb
W U

d o
+termD2 : — —(Vap, [r))US "V — Wapy [r]( I

Os

Ftermd2 :kWapy [TSWQS]UE%US — Wapy [l — nrcosqﬁ]Wg’be
(95)

< T dh(s
—Wgbap = /0 dEs )[wgr@ba]gdHWg + WiayslrIWg — W)l — krcosplUg = —Wop [rIWG — W(q)5[1 — kreosd|Ug

(96)
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Transform:
—iakWop[r(1 — Kreosg)|Wg == —=NjsWg

f\Il(a)B[(l — m’coséb)]pa — k¥,g [rsingb]pg

+oo 400 oo
Vo [US ™" WE = >0 D 0D Wiayalrlys "We ug™"pl; = Z W 0y [P)[L Wi ™"pl — €24
b=—o00 f=0~v=0 b=—o00
400 +oo +oo
Uiy [r(1 — nrcoscﬁ)]Vg_bW“ = Z Z Z Viagse[r(1 — Kkreosg)| Vi, bWb,ypg b b — Bs.s
b=—00 $=07=0
+oo  +o0 400
VU (0)p[(1 = m‘cosqb)}Wg_bWﬁ : Z Z Z U (ayse[l — Krcosp] Wiy bvapaB b b — Bey
b=—00 B=0v=0
+oo 400 oo
i(a)kVapy[r(1 — Krcosg)| Pg~ bWb Z Z Zum\llage (1 — Kreosd)|I5 5 bvapg bplj{ — Be.2
b=—o00 f=0~v=0

a +oo +oo oo .
— o (Waps DU "W = > ZZ Wose[r) g5 " W2 uf™"pl — €24
b=—o00 f=0~v=0
= dug’ Ly
Y rra—b
_\IIOC/B'Y[T} Z ( d ds Uﬁ )
b=—o0
+oo 1
=—Wapy[r] D @ [~(Mp)§ " = (Gu)§ |WE — {HW§ — W (o)5[1 — kreosg|U§ U5
b=—o0
+oo 1
= Z (Wapy[r]I G»W]])UZ bpz — €22
b=—o0

+Z Vo [ ML WIDp 0!, — Be.y
b=—0c0
—+o0

— > Wap[FLT HW]UZ)_bpl,)Y—)623

b=—oc0

~1
+ Z Uop~[r](1 \I'(a)g[l—ﬁrcos¢>])ugu%_b—>A3_1
b=—oc0
400 400 +oo
KW apy[rsinglUg™ bUS Z ZZK\IJQM rsinglug” uff — Az
b=—o00 =0~v=0
+oo 400 oo
L nreos VIV i S5 sl rcosdWE Vg B
b=—o00 B=0~v=0

(97)

Finally, we obtain two equations involving just pressure and longitudinal velocity modes. Here,
M,N,A,B,and C encoding the curvature of the duct. The terms G,H,D encode the variation in duct
diameter as well as the torsion. The term e encodes variation of diameter and the torsion together

with curvature if either of the first two are present.
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Ta a—b a—b
Io g’y + Magpf + Gagug = Ay, [ug ™" u] + Bag, 5" 4] + ety [ug ™", 93] (98)

b b
L' — Nogub — Hgph = Catylug™" p] + Do, [ug ™", ul)

VI. Introduce the admittance matrix
Due to the present of evanescent modes these equations are numerically unstable and cannot be
integrated directly. Define a relation between the pressure and velicity in terms of the admittance.
When solving for pressure, it is easier to work with the addmittance rather than the impedance Z
(Y = Z71), to avoid inverting large matrices in the work that will follow.

The following relationship is defined:

Ta b —b b
Igﬁu% = Y;ﬂpg + ygﬁ'y[p% 7p'y] (99)
where Y = Y'(s) is the linear part of the admittance and ) = Y(s) is the second order non-
linear correction to the admittance, henceforth referred to as the nonlinear admittance term. We

differentiate it:

T8 gu' = Yo 0ph + Y + Vb 05 ph] + Vb a0 oY) + Vb, s p))] (100)

Substitute in eq98 of u’,

b b b —-b b
—MGspf — Gopug + “40467 [ug™", u ] aﬁv[p ’pv] +eapylug 0]
(101)
’ ’ b b /
= a%p% + Yo{zlﬁpﬁa + aﬁ'y[p 7p7] aﬁ'y[p 7p'y] ozﬁ'y[p D ]
Then, p’
b b b -b b b —-b b
*Mggpg - Gaﬁuﬁ + Aaﬁ’y[u% ) 'y] + Bgzﬁ’y[pg 7p'y] + Egzﬂ'y [Ug )p’y]
= o3P
—1
—-b b
0761?304 (Naﬂuﬁ + Haﬁpﬁ + Caﬁ'y [uﬁ apfy] Daﬂ’y[ ) uw]) (102)

b b
+y0:}3"/ [P~ ’pw]
b b b b b
ya,@'y[ ?35 Ug H?ﬂ& pg ’p'y]

—b b
yaﬁ’y[ N 5“’5 +H'y6p5]
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Use €q99 to express u in terms of p,I aﬂuﬁ =Yp% + ygﬁv[ a- b,pﬂ;]

——1
b —b b
_Miﬁp% - Ggﬁlﬁa Y Bpﬁ ngﬁ]:aoz ygﬁ’y[pf[li 7pfy]

b + b -b b +b,b b +a—b, a—b b
Aaﬁ'y[ %a Y ;o aI'ya Yory p,y] + Bgﬁ'y[p 3p’y] + saﬁ'y[IlBa Yaﬁa p?} 7p—y]

’ ——1 _
= Yo5p5 + cfﬁlga (N2 sT5, Yﬁpa+NaaIBa yg%v[l’g ", p5) + Hyppfy (103)
103

/\ —_

1 _
fa—b b yEa—biab T
Jrcaﬁv[lgoz Y P ’pv] + Daﬁ’v[ ba Yap Pg L Ya'vbpz])

b b —b bpa—b | b a—b
+yo:lﬁ'y [pg 7p'y} yaﬂfy [Ngtﬁ Ig Yaé Pg H%é pg 7p'y]
b wb b
+yu@7[ 5 N 51 Y 25p5 + Hmsp(s]
This equation has two distinct orders of magnitude: terms linear in p, and terms quadratic in

p- We can equate linear terms and the quadratic terms separately to grt two distinct equations:

—1 ——1 -1 —1
llnear Y Bpﬁ + OéBIﬂa NZBIga Yaﬁpﬁ + M(xﬁpﬁ + Y ,BIﬁa Hzﬁpﬁ + GaﬁIBa Yaﬁpﬂ = 0,

(104)

— -1 —~—1
quadratzc yaﬂ’y[p 7p’y] +yaﬂ'y[ bIg;b Ya bpg bvp’y] +yaﬂfy[pa b N’y§I Yolzjépg]

/a—\b Y:I:a b

——1 ——1
b —-b b b
+ o?ﬁI,%oz ZﬁI%a ygﬁ’y[pg’ 7pfy] + o?ﬁ Ba Caﬁfy[ p,B apfy]

. bpa=b o ytbob b [a—b b b rrach ' yrta—b a—b b
Aaﬁ’y[ 3 Y ;' aI'ya Ya'y p'y] - Bgﬁ’y[pg 7p'y] - Egzﬂ'y[ aﬂa Yaﬁa p% 7p"y] (105)
——1
b b, _a—b —b
+yo/ﬁ’y[ 5 H’yépé] + yaﬁ"y[ %6 Pg 7p£7/] + Ggﬂl%a yg%’y [p% 7p9/]

—

Ta T byt bpa—b o kb b
+ aﬁ %& Daﬁw[a Y ;T ’I'yoc Ya’yp'y]zo

As both of these equation hold true for a general p we can eliminate it to obtain an equation

for the linear part of the admittance and an equation for the nonlinear part of the admittance:

-1 — ——1 —1
l’LneaT - 2D Y B + O(,BIBQ OC,B Ba Y ﬁ + M + aaBIIBlX HQB + GaﬁI,Ba Yaaﬁ - 0’ (106)
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For quadratic, with:

(Alz, y)2 = (A% [2570,48))2 Z Z Al ey,

b=—o00 B,7=0

(AL, YD)y = (A5IX35" Va5, = D ARX55"Ye
6,e=0

Thus, {(A[X, Y])2 [z, y]}% = {(A [Xg5 0, Y2 D)eh s 132 (107)

Z Z ZAaané’@_ Y2 )ag Tty

b=—o00 8,7=0 §,e=0

Z {Z Aa56 Z ;51,3 bxg b g b y’y } .A[XJ} Yy}

b=—o00 4,e=0

We now can eliminate p, remaining 3-D tensors:

’ —~ -1

quadTatiC : yaaé)'y [Iﬁépg ’ I’Y€p€] + yozﬁ'y [Nggb]:g YU«& bpg ’ I’Yfple)] + y((xl%'y [Iﬂ5p§_b7 N'l;é:[ga Y(fépg}

a /a\ 1 a a . ab I a—b I a C Ia Y:ta b I
+ af*B afBa yaﬁw[ BsPs ’Yﬁpe] + a,B Ba aﬁw[ Bo ’Yfpe]
a—bpa—b T ytbob —b b ta—b, b
Aaﬁ'\/ [I% Y - 7I'ya Y ay p’y] Baﬂ'y [Iﬁdpg ’ I’Yﬁpe] - aﬂ'y [Ia Y - I Epe}

-1

b —b tyb b a—b b —b b
+ Yt asps ™" Y sph) + Vot (B 05~ Lept) + GagT5, Vb [Laspy ™", Lrepl]

FYSIG, "pa [Ig Yia bp? ., Y;[be%p?] =0

afy ) Tya
(108)

= quadratic-rank 5 tensor(2 upper, 3 lower):

a

— -1 —~—1
—b a—bya—b a—b a—b b b a—b
m}[pé 7pe] yozﬁ'y [Nﬁé 16a Ya§ ’ I’YE] [p6 7pe] yaﬂ'y [1555 N’yéIéa Yb5] [p(S 7ple7]

e}

—lya a1 ab a—b b Ta a +a—b b

+Y, BI,Ba NQBIBOL yozﬂ'y [I/B5a I’YS] [pé 7pe] + aﬁ Ba Caﬁ'y [I,B Y I ] 5 >pe]

Aaﬁ’y [Ia Yia b7 I'byoz Yai'yb][ Ps 7pe} Ba,@’y [1»357 I’YE} [pg*ﬂpg] - aB'y [Ia Yroziﬂaib7 IVG] [pg*ﬂpi)]
b a~bpa=b a1y a—b b

+ya5v[[ﬁ5’H'y§p6] +yaﬁ’y[H I ][ 6 ’pe] +G I,Boc yaﬂ7[1557IV6][p6 ’pe]

aga a fa—b b +b a—b b
+ af+Ba Daﬂ"/[Iﬁ Y I Yoc’y I’YE] [pé 7p€] =0

(et
(109)
These equation are solved from the outlet of the duct, applying the appropriate radiation bound-
ray condition at the duct exit. Once Y(s) and Y(s) are found throught the duct, eq99 can then be

used to replace the velocity modes with pressure modes in eq98, to obtain a numerically stable first
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order ODE for the pressure modes:

——1
Ja a Ta a ,a a b
I ﬂp ﬂ = Na,BI[ga Yagpg + N(XBI/M y@ﬁfy[ e ,p?),] (110)

— —

—1 —
by rda—b b +a—b a—b 1b +b, b
+H ﬁpﬂ =+ Caﬁfy[ Ba Y ' pﬁ ap'y] + Daﬂ’y[ Ba Yaﬁa a 7I'ya Ya’y p’y])
This equation can be solved from the source to the outlet. As the equation involves the local

admittance at each point, the solution includes both forward and backwards propagating waves

together with their nonlinear interaction.

VII. Boundary Conditions for an infinite uniform duct oulet
The simplest boundary condition to consider for the adimittance is that of an outlet consisting of
an infinitely long uniform duct of constant curvature for which we have only propagating waves and
decaying evanescent waves. In such a duct no point can be distinguished from another longitudinally,
therefore we must have the adimittance being a fixed point of the admittance equations. To find
the fixed points, we begin by combing eq99, ignoring the quadratic terms for the moment, to form

a second order ODE for the pressure modes, G,H, the derivatives of M and N vanish:

L gu'5 + Msph = 0

(111)
Iaﬁp'g Nggug =0
10 . "a a 7a tara a
Igtﬁpﬂ (3) + NaBI,BOz Maﬁpﬁ(s) =0 (112)
9 1 1
{01, —A2} = cig(NG TG, MosTh, ), suppose a =3 (113)
In matrix,
—1 —1
INGgIE, MogIs, |V =VA2V=[vl,0203,.],A=diag(i\, i), ...) (114)
The solution in terms of forward and backward modes is given by:
p=pt+p = Z(c:vkei/\’“s + ¢ vge ) (115)
k=1
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where the v; are the eigenvalue of NM with eigenvalues A?, with arbitary cﬁ and c, . Here, we
have split the solution into forward and backward waves. The roots of the A, are chosen as follows:
(AH/202 >0
Ak = (116)
i(=A2)Y2, 02 <0
to ensure either propagating or decaying evanescent modes in the positive direction. Based on
extensive numerical evaluations, we observe that all of the eigenvectors of NM are real. We now

introduce the characteristic forword and backwards admittance, linearly relating the forward and

backwards modes:

:ta +a
IS utt = Y iph (117)

Using this, together with the linear equation relating pressure and velocity (pg ) =N, “ﬁu 5

we obtain and expression for Yaiﬂa

(5°(s))' = NigTha in;“p%“() (118)

Which is similar to above eig property, we have:

— ——1
[N$sI%, Yj;l“a loonV =2VAV = [ul,02,03,..],A = diag(idi, ids, ...)

— — — —1
= Y = I8, NG, VAV, = 210N, T WVVARV IS, = I, NG —1\/NQB Ga MoIS, I
(119)

Subsitue into eq, again ignoring G and H as the duct is assumed uniform:

—1 —1 — —1
llnear — 2D Y afB =+ C(tlﬁ %Ot Zﬂ %a YO‘ZB + MZB + YO?BI,%CK B + GOCB Ba (Sﬂ = 0, (120)

, — -1 R —1
71 71
Yo5 = Ia 5 \/Naﬁ Ba oplsa  Taplba oplsa  TapNg \/Naﬁ Ba Maglh, Iog— M3z =0

(121)
Therefore, Y = YT is the boundary condition applied at exit, implying only outgoing (not
ingoing) propagating waves and decaying evanescent waves in the outlet.
Now, we introduce a matrix W, =V with columns given by the eigevectors of Y*N with corre-
sponding eigenvalue matrix +A:

aXa aXa ' aXa aXa aXa aXa

Yaia iIaﬂNﬂa lva A Ve 1Ia,6 :>Na6? Yaiﬂa]:a - Va — 42 A
(122)
ta _ 70 yira a a —1lpra —l3a
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‘We know that:
(Al ) = (A, la5 " 05Da = D2 D Adh,ag™"s)
b=—o00 3,7=0

(ALX, YD)aby = (AL [X55 " YEDah, = D ALX55"Y,

§,e=0

Thus, {(A[X1, Y1])a%, [X2,Y2]}a5. = (A5 [X 155", Y1Z, ])ah, [X 255", Y25, ])aq

afy ade 6B afy B ade
o o (123)
ab a—b b a—b b
= > () A X150Vl ) X205 v 2b,
B,y=0 §,e=0

o 0o oo
= > AR Y (X150 X250 Y (V1 Y2l )}

§,e=0 B=0 ¥=0

—b —b
= (Aaa%e[Xlg,B ngzi 7Y127Y2?ye])?v%e

Withe =0,G =0,H =0,)' =0, fix points of the nonlinear admittance equation satisfy:

——1 —~—1
Vb INGSPIS Y YO Ll + Vb (L5, NOsIG, Y]

afy
aga Iage o tyjab o el ab rash 'y ta—b (124)
+YaﬁIﬁo¢ aﬁI,Boz yaﬁ’y[IB(;? I“VE] + YaﬁI a Caﬁ"/[Iﬁa Yaﬁ 7I’Y€]

—1
I, YZE B [Is5,1,] =0

— =1
b —b +a—b
—Aa [Iga Yaﬁa Yhya tay aBy

afy
We apply {ng}’l on the left of this equation and V5 to the right on both terms in the square

brackets:

[e3

——1 —~ =1
w! ayigs[NggbIg;b YTV LV + W Vit sV, NI, YhV)

“10 va T Anga 7@ tyab 10 yra @ oab (rah yta—b
+W fa aBI,(i’a NaBIﬂa (xﬂ'y[jﬂ(s‘/?I’YGV] +W Eat afBa Ca,@"/[lﬁa Yaﬁ ‘/7[’Y€V]

—1 1
_W_lﬁaAgc%'y[Ig;b Yaiﬁa_b‘/’ I:a Ya:Fbe] - W_lfaBg%'y[Iﬂ(SV? I’YGV] =0
(125)

—1a a a—b —1a a a— b
W Vs (VA s Vi + Wl e Vago Vs £(VA) ]

—1 —1 —1 — =1
—1a + +ab —b /b —1a@ + b —b +a—byra—b y,b
+W £aYaﬁaI;a ZBI,%a ya[?'y [V[;l(? ’ V'ye] + W §aYa,BaIaa Cgﬁ'y [Iga Ya[ﬁa Vﬁaé ) V'ye]

—1
U, YV —W B [Vt LV =0

——1
—1a ab a—>b +a—byra—b
-w £a~A [IBa Yaﬁ V[ﬂé ’ tya ay Vye aBy
(126)

afy

Next, we transform V¥ in the following manner:

VE[z,y) = WYE[V L, Vly] (127)
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(A" 1]+ VIS (M) ] & A TR0 1)

a aByltps afylips 1 Tve
—1 — =1
—1a + b —b +a—-b —b b
W YT, Ch 180 VATV VD (128)

——1 —
—-1a@ b —b +a—byra—b b +by/sb —1a b —b b
-W 1504"4367 [Iga Yaﬁa Vﬁaé 7I'ya Yaw V’ye] -w 15048367 [VﬂazS ’I’YEV'ye] =0

5 1 “10 tata b fach yrta—byra—b b
yiﬁCL'Iy) — - (—W 15 ytage ce [Ia y*a-bya Vv ]
a Na \Na— b ataf “Pa afyl Ba af B 0 Ve
HIAG £ IAGT £ (129)
— 1 —1
—1a a a—b +a— — b —1% pa — a
HW T AL 15" Yo TV D YAV W Bk, Vi L Ve Dasy
VIII. Boundary Conditions for an infinite Helical duct oulet
We begin by considering the linear forms of equation eq98:
!/
u -G -M u u
= =1L (130)
p N H p p
1
u U —(G®* - MN) (GM — MH) u
P p (HN - NG) (H>-NM) | \p
This equation can be solved by u = >_ v¥e*® and p = v e*i® | similarly, we have:
vy
{ ;Ai} = eig(L) (132)
P
v’
{ (AT} = eig(L?) (133)
P
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IX. Open Ducts
X. Separating the ¥ intergrals into radial and angular parts

With fo% emoemldh = 2, g, (r) =C Jm(j’”T”r)eim¢,we have:

[e 27O

Co = (i)™
h2(1 — J?2
\/(ﬂ' ( 7’2 M) m(.] mp,)) (134)
1
exceptfor : Cop, = ﬁ
-/
Vi (1) = G T (55 ) (135)
By normolization, h is not bother the equation of I,:
fo C102J1J2rdr = 1 C C2 J1(j12)J2(j42)zhhdz = fo CFC¥21(5,2)J2(jb2) zdz.
Jrc1c203.01J203rdr = JEEL R CF (1 2)J2(542) J3(j} ) hhdz =
Lt c#of ol 271(512)02(542) I3 (j42) zdz.
Which this derivation could be used to simplify the code.
2
Wa)(8)y[r(1 — Kreosg)) / (W)a 81/)5 o [r(1 — Kreose)|drdd
(136)
= Xja)3y[11Oa(s)y — £X{a31[7]Oa(9)y[c059)
with:
" d jo‘mur jﬁnu j’Ikar
X{a]ﬁ’Y = di(Camu Jm( h ))CanJ ( )C’ka ( h )d?ﬂ
0 T
o p (137)
Oa(s)y = /O em? g (e ?)ettedo
Bessel function recurrence relations are:
Im—1(x) + Jmy1(x) = 2m/xJ, (z)
(138)
Im-1(x) = Jmy1(x) = 277, (2)
we can have:
2Jmt1(x) = 2m/xdy(z) — 2J) (z) —
(139)

T (@) = m/x T (x) = Jmi1(2)
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-/ -/

h
d T T
X = J— mp nv
[a]B [r] /0 dr (Canzu I h ))Cﬁm In( A )rdr

hoat </
Jotmp m Jam, T Jam,l,r 78,7
:/o £ Cormp | T (P22 ) — T ( NCs,, I (2 yrdr

h ' or/RTT R h h
mip
h -/ -/ -/ -/
.]a r ]a T .]a . r .]ﬁ r
=C,,,,C I (——) — ——Jn, “E N (———)d
kO [ T (R0 — Tl g (21 g (D
The O intergrals can be calculated analytically:
2 ) 0
Oup = / emeeinddy = =270, —n,
0 2r.m+4+n=20

With Euler’s equation:

e = cosx + isinx
cosx = [" 4 7] /2

sinz = [" — e "] /2i

2m

2m
Onplcosg] = / cos( — 0y)e™?ei"?dh = 1/2/ [eiw*eo) + eiiw*o‘))]eim%i"‘bdﬁ
0 0
271- . . . QTr . . .
= 1/2/ ei(0=00) gime gind gg | 1/2/ [6_1(9_00)]61m¢6m¢d9
0 0
z’(m—i—n—l)aoé

=Te

_i(1+m+n)906m o1 + e

,—n+1

= 71—(Sm,fnfl + 7Tém,fnjtl

2

0, . )
O = | =7(e")e™df = 2mimbym, —n
o 00 ,
O(a)slcosd] = im[mbm, —n—1 + T, 1]
2m ] ) )
Onpy = / eimé ging iké gg P2 I
0

27
O py[cosd] = 1/2 / [10700) 4 =/ 0000 mOeind RO dh — 76, g1 A T, k11
0
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2m
@ lsing] = 1/(20) [ (61000 m OISO — i[5, s ]
0

27
O(a)py = im/ e'MPeindeikd 1 — 2miMmbm,—n,—k
0

2w

(148)

(149)

O(a)gylcose] = 1/2/ [£70=00) 4 =1 00001 m OO0 ) — im[mby, k-1 + TOm,—n, k1]
0

We also have:

Viays = X(a}sOap + XapOiays

with:

-/

h -/
d Ja r Jﬁ r
X = J— mp nuv

~Jeom, T dh(s)
h(s)?2 ds

TBun”
h

h dC,,  (s) Jhor g
- / (Lome®)y Jamly o g (Lo G, Tn (22220

ds h(s) h(s)

hod-—L / -/ i y
_ h(s) jawlulr -]OcTnMT ']a’”l/_l/r dh(s) ']ﬁnuT
= | U Cor (VI + o ) e SN 7 (Pl
hR(s) e, T 0 Jerr, T\ 1 () T
= U Cor (DT = o T () 1, T (P
h/
=~ (Xl + o)
4 d jé"wr jlﬁnvr
Xiappl) = [ 2 (Con (VIG5 Co (B o
P dCa,, (8) o T N 16 a7
= [ U 1) 4 Co T St S 1, (e

hdes Jor ghor —jh T dh(s g o
- / (D)0, (s’ 10y gL’y e 3y 5 Tl g,

ds h(s) h(s) 7 h(s)?2 ds h

L W (s) I 0, JawT\\ M () b
L Cor VI = o T () S, T (B
= 2 Kgsl? + el
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-/

* /hd(O () Im(Ceze )y, g, (et
{W}B'Y - o dS Qm m h(s) Brwv

hodC,,,, (s T oo =gl s
= /0 It C’Z"S“( ))Jm(]hg‘) )+CamHJ7,L(]h’(";) ) ;(52 d’;(s \\cy (Jﬂm )
It 7 o\ T dh(s
— [ (22 4 Cop ey S BNy, g
h h/(s) jgmuT o j:lmMT h’(s) jz-},wr
/0 [(_ I )Camu(s)Jm( h(S) )_Cam“E(Jm( h(S) )) h T]Cﬂnan( 3 )
o,
h

27 o
i i 0 . )
6{04},8 = /O gg(ezm¢)62n¢d9 — 7Z‘m/0 %ﬁezm¢ezn¢d9

= —TO(q)p = —T2MIMIm,—n

@a{g} = —T@a(ﬁ) = —T27T’L'n5m,,n

Similarly,
d d
%(‘I’aﬁv[r]) = %(Xaﬁw [r])Oasy
d, ") h(s) g dh(s)
[ s = [ S psar+ S a0
with
d
75 (Fasn[r]) = Xiaysy[r] + Xa{ﬁ}ﬂ/[r] + Xop{y3Ir]
/ j‘llmur j/ ‘/ T h

! / / /

= - (Xags 7)) — - (Ragapy 12D = T (Ko [12) = 37 Xasalr)

+h hCOCm; ( ) (ja"“‘)cﬁnv (],Bn,u)c’)’kw‘] (]'/ka)
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Chp (P55 dr

e
CriIn ( )dr
Cyen I (22220 )y

Ykw h

r
*7% v )dT

Chp (72

X8y [r] + Xapy)
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A. Example for matlab simulation
Example for matlab simulation

C. Example for matlab simulation

h
Fig s Daslr) = XaslrlOus = [ 700 ()21 00 om0 )
0

h -/ r
Fig2 : Woslreosd] = Xagr|Ouslcosd] = / rCo (’“Zu Clna T (22 ) (28, 1+ 1)
0

; . 2 — 2 . " 2 ]amu j/ﬂnv r
Fig3: \Iloc,@ [T COS¢] = X(XB [’I“ ]@aB[COSQZﬂ = Camu ( )Cﬁnv ( h )dr(ﬂ-(sm,—n—l + 71'(sm,—n—&-l)
0

h r
Figh: U,p[r?sinsg] = Xup[r?]Oas[sing] := / TQCQ,,,Lqu(ja’}’;“ )Ca,, JIn (]B};'“ Ydr(—i(mm,—n—1 — Tm,—n+1))
0

h i/
. Jorma” I :
Fig5 : W(oa[r] = Xapr]O(a)s ::/ 1C4q,,, JIm (24— 3 )Ca,., JIn( Bh )dr(2mimd,, —n)
0

Figb: Wia5 = X(a}5Oas + XapOfays

/

h
Xays = =7 (Xajplr] + Xap)
h -/
. d Jomu” I8
Hlr) = [ 7 Ot 0, P

27
Ofa)p = / g(eiM(j’)eide = —7T27im0p,—n
0 s

(160)
XI. Tensors in matlab for numerical simulation
A. Tensor times vectors: AX,u
Let A be a tensor of size I; X Iy X ... X In, u be a vector of size I,,.
We have:
ttv(A, {u}, [n]) = (AXpu) (i1, cooyin—1, bnt1s s IN)
In (161)
> Aliy iz, ooy in )ulin)
in=1
ttU(AmXTH {Umxl}; [ID = Amxn;(lum,xl = Aﬁxnumxl
(162)
tt’U(Aan, {vnxl}y [2]) = Amxn,;(Q'Unxl = Amxnvnxl
Property:
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ttv(A, {u, v}, [m,n]) = AXpuXn,v
= ttv(ttv(A, {u}, [m]), {v}, [n — 1]) = (AXpnu) Xp_1v (163)
= tt’U(tt’U(A, {U}7 [U])v {U}, [mD = (A;(nv)imu
Multiplication with a sequence of vectors

B=AxuMxu? X yu™) = Axu

(164)
like : ttv(X,{A, B,C,D}) = ttv(X,{A, B,C, D}, [1234]) = ttv(X,{D, C, B, A}, [4321])
Multiplication with all but one of a sequence of vectors
b= Ailu(l) >7<2’U,(2)...>7<n,1u(2) in+1u(2)...>?Nu(N) = Ai,nu
like : X = tenrand([5,3,4,2]);
(165)
A =rand(5,1); B =rand(3,1); C = rand(4,1); D = rand(2, 1);
Y =ttv(X,{A, B, D}, -3) = ttv(X,{A, B,C, D}, —3)
B. Tensor times matrix (ttm): Ax,u
Let A be a tensor of size I; X Iy X ... X In, U be a matrix of size J,, x I,,.
We have:
ttm(A7 {U}a [n]) = (AXnU)(Zh sy in—l;jn, Z.n+17 a3} ZN)
I’Vl
Z A(ila 7:27 ceey ZN)U(jnv Zn)
in=1 (166)
like : X = tensor(rand(5,3,4,2)); A = rand(4,5);
Y =ttm(X, A, 1) = ttm(X,{A, B,C,D},1) = ttm(X, A’, 1,/ t')
Matrix Interpretation
tm(Amxn, (Ui} [1]) = Ax UT =UT A
tm(Amn, AV 1 [2) = Axo VT = AV (167)

ttm(A, {U,V},[1,2]) = UAVT
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Y =ttm(X, A, B,C, D, [1234]); % < — — 4 — waymutliply.
Y =tm(X,D,C, B, A, [4321]); % < — — Sameasabove.
Y =ttm(X, A, B,C,D); % < — — Sameasabove.

Y =ttm(X, A", B",C", D"/ t"% < — — Sameasabove.

Y =ttm(X,C, D, [34]); % < — — XtimesCinmode — 3Dinmode — 4

(168)
Y =ttm(X, A, B,C, D, [34])% < — — Sameasabove.
Y =ttm(X, A, B, D, [124]); % < — — 3 — waymultiply.
Y =ttm(X, A, B,C, D,[124]); % < — — Sameasabove.
Y =ttm(X,A,B,D,—3); % < — — Sameasabove.
Y =ttm(X,A,B,C,D,—-3)% < — — Sameasabove.
Property
ttm(A, {u,v}, [m,n]) = AXpuX,v
= ttm(ttm(A, {u}, [m]), {v}, [n]) = (AXmu) X0 (169)
= ttm(ttm(A, {v}, [v]), {u}, [m]) = (Ax,v) X pu
Tensor times tensor (ttt): < A,B >
Let A and B be a tensor of size I7 X Iy X ... X In.
<A B>=
L I In (170)

B=> 3.0 Alir,ig, ... in)Bir, iz, ..rin)

i1=14;=1 i1=1
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X = tensor(rand(4,2,3)); Y = tensor(rand(3,4,2));
Z =tt(X,Y); % < — — Outerproductof Xandy.

size(Z)

Z =ttt(X, X,1:3)% < — — Innerproductof Xwithitsel f.
(171)

Z = ttt(X,Y, [123],[231])% < — — Innerproductof XY.

Z = innerprod(X, permute(Y, [231]))% < — — Sameasabove.

Z =ttt(X,Y,[13],[21])% < — — Productof XY alongspeci fieddims.

XII. model of helical duct

A, w
The duct is described by its centreline q(s) at arclength s from the inlet of the duct adn the
radial distance from the centreline h = h(s). The general position vector (z) in the duct is given in

terms of (s,r,0):

~

x = q(s) + rcos(d — 6p)n + rsin(6 — 6)b (172)

where n = n(s) is the normal to the centreline and b= b(s) id the binormal given by b=txn
for the tangent to the centreline t = f(s) The vector ﬁ,g and t are related by the Frenet-Serret

formulas:

dq
ds

- dt dn -~ db
= 2 — kD, — = — 2 — _rm 173
t, Is KN, Is Kkt + 7b, Is ™ (173)

where k = k(s) is the local curvature of the duct and T = tau(s) is the torsion. Here, intorduce

44



0, = 7, the cross-term differentials vanish and the metric reduces:
dx = d(q(s)) + d(rcos(8 — 60)R) + d(rsin(6 — 6y)b)

=tds + drcos¢n — rivsing(d — 7ds) + rcosd(—rt + 7b)ds

(174)
+drsingb + rbeos(df — 7ds) + rsing(—7n)ds
= t(1 — krcosd)ds + n(drcosg — rsingdf) + B(drsimb + rcospdf)
Thus,
dx - dx = (1 — krcosg)?ds® + (drcosp — rsingd)® + (drsing + rcosgdf)?
(175)

=(1- HTCOS¢)2d82 +dr? + r%d6

As a result, we have an orthogonal coordinate system and as such do not need to distinguish

between covariant and contravariant bases.

XIII. funm-Evaluate general matrix function

https://ww2.mathworks.cn/help /matlab /ref/funm.html

XIV. mtimesx-does a matrix multiply of two inputs

mtimesx is a fast general purpose matrix and scalar multiply routine that utilizes BLAS calls
and custom code to perform the calculations. mtimesx also has extended support for n-Dimensional
(nD, n > 2) arrays, treating these as arrays of 2D matrices for the purposes of matrix operations.

"Doesn’t MATLAB already do this?" For 2D matrices, yes, it does. However, MATLAB does
not always implement the most efficent algorithms for memory access, and MATLAB does not
always take full advantage of symmetric cases. The mtimesx 'SPEED’ mode attempts to do both
of these to the fullest extent possible. For nD matrices, MATLAB does not have direct support for
this. One is forced to write loops to accomplish the same thing that mtimesx can do faster.

Examples:

C = mtimesz(A, B)%per formsthecalculationC = A x B

C = mtimesx (A, T, B)%per formsthecalculationC = A. x B
(176)
C = mtimesz(A, B, G')%per formsthecalculationC = A x conj(B)

C = mtimesxz (A, C', B, C"Y%per formsthecalculationC = A" x B’
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